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Labeled Transition Systems

Let AP be the (Pnite) set ofatomic propositions
2°F s the (Pnite) alphabet

{r} {pvr2}

Tequest=1
busy

L

equest=0 request=0

busy

{

Debpnition
A Labeled Transition System (LTS)is a tupleM = !'AP ,S, S, R, L" where
AP is the set of labels (atomic propositions)
S is the Pnite set of states
So ! S is the set of initial states
R " S# S is the transition relation

L:S$ 2°P s the labeling function (each state is labeled with a set of propositions)
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Labeled Transition Systems

A (Pnite or inPnite) run ! in M is a sequenceé = $%5S... where
so! Sp is an initial state of M

% &0, (s,s+1)! R
For! aruninM , trace(!) = L(s)L(s1)L(s)...
TracesM ) = {trace(!) |! arunin M} is the set oftracesof M

Use Regular Expressions to express properties for bPnite runs (see LFA course)
Linear-time Temporal Logic(LTL) can express properties on inbnite runs
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Reachability

The most basic linear property we may want to checkReachability

DePnition (Reachability problem)
The reachability problem is debned as follows
Problem: Reachability
Input: A Labeled Transition SystemM , and two statess and .
Question: Does there exist a Pnite run iM starting from s and ending ins ?

Theorem

The reachability problem in transition systems is decidable in deterministic polynomial
time. It is NLOGSPACE-complete.
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Theorem

The reachability problem in transition systems is decidable in deterministic polynomial
time.

Proof.
Deterministic Polynomial time algorithm:
Let A# S and
Pre(A)= {s$S|% $ As.t. (s,t) $ R}
Pre is non decreasing: iA # A', then Pre(A) # Pre(A").
Let build the sequenceCy = & Chi1 = Pre({s} ' Cn)

%,% ! Cp, there is a path fromt to s
%,Cn" Cne1 " S$' pst Cp= Cp1 = Pre’(sr) (the sequence converges)

The Pxpoint is reached after at mostS| iterations ( polynomial time.
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Linear-time Temporal Logic - Syntax

LTL = propositional calculus + temporal extension
Temporal operators: X (OnextO):U(OuntilO)

DePnition (LTL syntax)

Given a setAP of atomic propositions, a LTL formula ovelAP is debned by the
following syntax:

tuEp AT M) XU
wherep $ AP .

We can debne the following macros:

"p* M, = A(A" 1) A" 2) (" ;and" 2)
" ( "o= A" 1) "o (" 1 |mpI|es " 2)
"1+ o= ( "1 ( " 2) * (" 2 ( " 1) (" 1 equivalent to" 2)

F" = true U" (‘eventually")
G" = AFA" (always")
"1R", = G" 2) " 2U(" " 2) " 1 releases' 2)
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Linear-time Temporal Logic - Semantic

LTL formulas may beevaluated over inPnite wordsv = Wowiwa... $ (247 )"

DePnition
LTL Semantics Given a wordv = wowiwo... $ (27 )' and a positioni , 0,
w,ifEpil pSw
w,iE A" il wiE"
W,ifE"1) "2l wiiE"10rw,ifE "2
w,ifF X" il wi+lE"
w,iF"U"2il %, istw,jE"2andw,kfF "1 foralli. k<]

The language of" : L(")= {w$ 2* )" |w,0F "}
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Linear Temporal Logic : Example - Trabc Light

We consider two fully synchronized trac lights (left and middle) and their parallel
composition(right).

redy, green,)

—{ greens )
|
I

« | «

green (( redy ) @grmn]. reds)

OThe brst tra! ¢ light is inPnitely often greenO.

Desirable properties:

This property corresponds to the set of inPnite wordss: ;... such thatgreen $ L(s)
for inbnitely manyi.

{redy, greeny } { greeny, reds } { redy, greeny } { greeny, reds } ...,
@ { green; } @ { green; } @ { green; } & { green; } &...
{red;, green, } { red, green, } { redy, green, } { red;, green; } ... and

{ green,, green, } { greeny, green, } { green;, green, }{ green;, greeny } . ..

The word {redigreen, } {redy, green, } @22 5... does not correspond to specibcation.
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LTL Model checking

Verify that M satisbes LTL formula' :
TracesM ) # L(")

/
TracesM ) O L(A")= &

Useautomata to encode the language of

We build an automatonA- s.t. A- acceptsw il w$ L(")
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Nondeterministic Bachi word automata (NBA)

Debnition (Nondeterministic Bachi word automata)

A Nondeterministic Btchi automaton accepting words over*? is a tuple
A=12°" 'Q,Qq#T" where
2" s the alphabet
Q is the set of states
Qo # Q is the set of initial states
## Q1 2°° 1 Q is the transition relation

T # Q is the set of accepting states

i.e. just like a nondeterministic Pnite automaton (NFA) (see LFA)
The di! erence is the accepting condition ...
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Runs of a NBA

Consider a Btchi automatorA = 12°7  Q, Qo # T"

A run of A on an inbnite wordw = WowiWo... is an inPnite sequenceoqigs... $ Q'

st do $ Qo is an initial state of A and (qi,wi,g+1) $ #foralli, 0O

Example
{a}, {a,b}

(a0) fak w = ({a}{ by b})'
() 2. el L= q0@ 0l @ 9@ ul ..

a, {b}

Let inf(!) be the set of states that appear inPnitely often ith:
inf(!)={q|3i, 0,%, ist !(i)=q}
An accepting runis a run with g $ T inbnitely often : inf(!)0T = &
Example

= @ 1@ @ @ 0@ 9@ qo@ qi... onw = ({a}{ bY{ b})' is accepting
1'= qo@ qo@ Go@ Go... onw = ({b})" is not accepting inA from above
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Language of a NBA

A word w is acceptedby a NBW A i! there existsan accepting runon w in A

Example (Eventually Globally akGa))
For AP = {a, b},

For w = {a}{ b}{ b} ({a})' ,

the run! = (qo)' is not accepting

but ' = qogoQodo(as)' is accepting and therefore w is accepted
For w = ({a}{ bY{ b})",
the possible runs are! = (qo) qi(az)’ or!' = (qo)'

w is not accepted

The languageL (A) of A is the set of words acceptedy the automaton A

A set L of words isBdchi recognizabldf there is a Bdchi automatonA s.t.
L(A)= L.
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NBA - Closure Properties

Buchi-recognizable languages arelosed under Union, Intersection and Complement

Given two Buchi automataA; = 127 | Qp, Qd,#, T1" and A, = 12°F | Q,, Q2, b, T2"
We can debne

Union: Ay = 12%%° | Q', Q¢ #,T'" such thatL(Ax) = L(A1)"' L(A>)
Intersection Ag = 12%° | Q',Q¢, #,T'" such thatL(Ag) = L(A1) 0 L(A>)
Complement = 12°%  Q',Q¢,#,T'" such thatL (#;) = L(A1)

Di! cult to complement Buchi automata (SafraOs construction)
But, if L(A1)= L(!) for some LTL formula, L(A1) = L(A!)

Build directly the automaton for Al I (if we know !)

Automata on InPnite words and LTL Model Checking 13/40



NBA - Closure Properties: Union

Given two Buchi automataA; = 12°F | Qq, Qd,#, T1" and Az = 12°F | Q,, Q3,#, T2"
We debneAs = 12°F | Q', Q4 #,T'"
Q'= Q:' Q2 (we can assumeQ; 0 Q; = &

Q= Qo' Qb

#=t'

T'=T:' T
Theorem

L(A#)= L(A1)" L(A2)

Proof.

L(Az)# L(A1) ' L(A2): Forw $ L(A%), % = Qo0102... accepting run onw
if go! Qi1, " is acceptinginA1 ( w! L(A1)
otherwise, qo ! Q2 and " is accepting inA, ( w! L(A»)
L(As)4 L(A1)" L(A2): Fori${1,2} andw $ L(Ai), % = qogi1gz... accepting run
onw in A
But ! is also an accepting run irA (in the copy of Ai) 5 w $ L(A%)
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NBA - Closure Properties: Intersection (Special Case)

Given two Bdchi automata fote all states of A1 are accepting)

Ar=12%" Q1,Qf,#,Q:" and A, = 12°" | Qz, QF, #, T2"

We debneAs = 12" Q' Qi #,T'"
Q=U1lQ
Qo= Q51 Q4
(01, 92),2,(q1,92)) $ # it (q1,a,q1) $ # and (02,8, q2) $ #
T'=Q11T;

Theorem
L(As)= L(A1)0L(A2)

Proof.
1= (92, a9)(a}, g3)(d?,03)... isaruninAg onw il 1= gloig?... isaruninA;
onw and!, = ql0303... isaruninA, onw

I'' is accepting | !, is accepting and! , is accepting
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NBA - Closure Properties: Intersection (General Case)

Given two Btchi automata

Ar=12%" Q1,Qq.#,T1" and Az = 12" | Q2, Q5. #, T2"

We debneAgs = 12°° Q' Qi #,T'""
T' has to verify both T, and T!

Key idea: make two copies of the states i1 1 Q>

1st copy: Start here, move from here when reachedl 1 # Q2
2nd copy: wait for Q1 # T2 and move to brst copy when reached

Accept if Pnal states in 2nd copy are seen inbnitely often
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NBA - Closure Properties: Intersection (General Case)

Given two Bdchi automata

Ar=12%" Q1,Qq.#,T1" and Az = 12" | Q2, Q5. #, T2"

We debneAgs = 12" Q' Qi #,T'"
Q'=Q:1Q1{12
Q=Q1Q1{1
(a1, 92, 1), 8, (a1, 05, 1)) $ # il
(01, G2,1), 2, (01,92, 2)) $ # il
(a1, G2,2), 2 (01,92, 2)) $ # il
(a1, 92, 2), 8, (a1, 0>, 1)) $ # il

(du.a,a1) $ #, (d2.a.05) $ #,
(01,a,01) $ #, (02,2,05) $ #,
(01,8,01) $ #, (02,202 $ #,
(d1.a,a1) $ #, (02,205 $ #,

T'={(01,02,2) |1 $ Q1 and gz $ T2}

Theorem
L(As)= L(A1)0L(A2)

Proof.
same as in the Special Case

Automata on InPnite words and LTL Model Checking
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NBA - Closure Properties: Intersection

Example

24 b a
g B0 B SN

G((;\—)-Tb) Ga

a
- —7 A
asb Has to satisfy both

/L T e Tanb T1i={X}and T2 = {A}

N = - SN
i~ 1\"// — = )b
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NBA - Closure Properties: Intersection

Example
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NBA - Closure Properties: Intersection

Example
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NBA - Closure Properties: Intersection

Example
Simplibcation: Remove unreachable states and moving nodes

ok
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NBA - Closure Properties: Intersection

Example
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NBA - Closure Properties: Intersection

Example
Simplibcation: Unify the nodes in the trap

aAlo

All simplibed automata accept the same languageG(a* Fb)!
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LTL to NBA

Theorem

For every LTL formula" over AP , there is a NBAA such that

L(A)= {w$2* |w,0E "}

a
GFa: @-’ a
a

Automata on InPnite words and LTL Model Checking

19/40



|
LTL to NBA - Approach

The construction of a NBA from a LTL formula is done in three steps:

Formula rewriting

Rewrite the formula in negative normal form
Apply rewriting rules (equivalences)

Core translation
Turn an LTL formula into a generalized Buchi automaton

Degeneralization
Turn the general Buchi automaton into a NBA
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LTL to NBA - Rewriting

Put the formula in Negative Normal Form
Negation appearsonly in front of literals
Use the following identities topropagate the negations inwards

AA" | v A(" 1) "2)/ (A" 1) * (A" 2)

AX" | XA A("1*"2) 1 (A"1)) (A"2)

AG" | FA" A("1U"5) 1 (A" DR(A" »)

AF" | GA" A("1R"2) | (A" )UA" »)
Debnition

An LTL formula is in Negative Normal Form (NNF)if it follows the syntax given by

"aE 6 ITIPIARLT) T X MU TR

wherep $ AP is an atomic proposition.
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LTL to NBA - Rewriting

The size of the automaton will depend on the size of the formula
Reduce the number of temporal subformulas by applying other rewriting rules:

(X"2) % (X"2) 1 X("2* ") (X" )UX"2) 1 X(1aU"2)
("R$1)* ("R$2)/ "R($1* $2) ($1R")) ($2R")/ ($1) $2)R"
(G"1)* (G"2)/ G("1* "2) GF"1) GF"2/ GF("1) "2)
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LTL to NBA - Rewriting : Example

", = AF(p* AFq)/ GA(p* AFq)
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LTL to NBA - Rewriting : Example

", = AF(p* AFq)/ GA(p* AFq)
I G(Ap) AAFq)
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LTL to NBA - Rewriting : Example

"= AF(p* AFq)/ GA(p* AFq)
/ G(Ap) AAFq)
/I G(Ap) Fq)
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LTL to NBA - Rewriting : Example

"1= AF(p* AFq) / GA(p* AFq)

",= AF(p* (Xq R XAr)) /
/

/
/
/
/

I G(Ap) AAFq)
I G(Ap) Fq)

GA(p* (Xq R XAr))
G(Ap) A(Xg R XAr))
G(Ap) ((AXqg) U (AXAr)))
G(Ap) ((XAq) U (XAAr)))
G(Ap) (XAg) U (Xr))
G(Ap) X(Aq Ur))

Automata on InPnite words and LTL Model Checking
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LTL to NBA - Core Translation

A state of the automatonA- is aconsistent setZ of subformulas of"

Debnition
A setZ # Sub(") is consistentif it does not contain7 or a pair{$,A$}.

The formulas inZ are seen a®bligations
If arun " on a word w starts in Z and satisPes the accepting condition, then
|

w,0E Co#
# %Z

The only initial state of A~ isZ = {!}

Transitions to next states are given by the formulas of the forrK$ from Z

Need toreduceZ such that all formulas inZ are either literals or have the fornX $
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LTL to NBA - Core Translation : Reduction of sefd

Use %iransitions to reduce arbitrary setsy of formulas
they are handy, but will not belong to the Pnal A~
Reduction depends on Onon-reducedO formutag Y
Iy =ty A Y S Y\ {}U{er, oo}

Y —3 Y\ {v}u{¢}
Y S Y\ {¢}uU{ve}

¥ —:) Y\ {v}U{v1, ¥}
Y S Y\ {v}u{ve. X9}

If ¢ = Gabs: Y SV \ {¥} U {he, X2b}
Y —i) Y\ {£}u{ve}
Y f) Y\ {¢} U {1, Xe}
¥ —:> Y\ {¢}U{ee}
Y 7 Y\ {v}u{X}

If o =1y Vg

If v = 11 Rs:

If ¢ = 1y U by

If ¢ = Fabg:

I# means & has been postponedO
marked transitions used to debne accepting transitions
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LTL to NBA - Core Translation : Example

Example (Reduction for" = G(p ( Fq))

¢ =G(-pVFq) (\q.Xp\/‘
I \717‘/
€. €
l—\p\/ g, X ------ > FqX
£l eilFq
BRI, SRR 2
p, X I XFq, X

26/40
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LTL to NBA - Core Translation

Y @ Z if there is a sequence d¥transitions fromY to Z

Red(Y) = {Z consistent and reduced Y Q$ Z}

Redy(Y) = {Z consistent and reduced

Y é Z without using an edge marked with &}

From the debnition of the reduction rules, holds:
! " !
$/ $

# %Y Z%Red(Y) # %Z
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LTL to NBA - Core Translation : Example

Example (Reduction for" = G(p ( Fq))

¢ =G(-pVFq) g, X )
| \71“
€, e
o pVFgXpr----- ~ Fg,Xp
€l eilFq
Sy JER S
{mp, X ‘:XFq.XY\

Red({"})= {{A p.X"},{q,X"},{XFq,X" }}

Reds({"}) = {{Ap,X"}.{q, X"}
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LTL to NBA - Core Translation : Generalized Bdchi Automaton

Let#;={a$ 2" |3p$AP,(p$Z( p$aand (Ap$Z ( p-$a)}
LetU(")= {$ $ Sub(")|$ = $1U$, or $ = F$;} the set of until formulas of "
Let next(Z) = {$ | X$ $ 2}
The Generalized Buchi Automaton fol' is B- = 12°" | Q, Qo, # (To)emeu )"
Q= 2 Sub(" )
Q={{'}
$={Y9 next(Z)|Y! Q,a! "z andZ ! Red(Y)}
For each%! U(!), Ty = {Y$)a next(Z) |[Y! Q,a! "z and Z ! Redy(Y)}

the accepting condition is a set of sets of transitions to be visited inPnitely often

Asks to net postpone forever the until formulas
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LTL to NBA - Core Translation : Example of Construction

Example ( = G(Ap) Fq))
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LTL to NBA - Core Translation : Example of Construction

Example ( = G(Ap) Fq) - continuation)
e After removing the intermediate dashed transitions:

¥, Fq P
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LTL to NBA - Core Translation : Example of Construction

Example (' = G(Ap) Fq) - continuation)

o After removing the intermediate dashed transitions:
Zq Fq

Redundant since Zﬁp -3

Redundant since E_‘p/\q CY¥yq

e After removing redundant transitions:

-pvq Fq

z
¢=G(-pVFgq) _a
¥y Fgq
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LTL to NBA - Degeneralization

ForB- = 12" |Q,Qo,# T1,T2,..., Ta" with n sets in the acceptance condition,

Take the synchronous producwith the automaton D, below:

The Nondeterministic Bachi Automaton for" is then A+ = B+ 8 Dy
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LTL to NBA - Degeneralization : Example

For" = G(Ap) Fq)

Y ovq Fq
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LTL to NBA - Degeneralization : Example

For" = G(Ap) Fq)

Y svq Fa » .
() () -
1

NBA A- after removing labelsFq:

start —(" = G(Ap) Fq),0
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Modeling LTS as NBA

A Labeled Transition SystemM is the set of all its executions
Transform a LTSM = AP ,S, S, R," "

.. into NBA Ay = 12" | Q,Qo, # T" where

Q=S*{&
Qo=1{&
(&a,s)! $i#s! Spanda="(s)
(s,a,8)! $i# (s, s')! Randa="(s") |
T=5*{g @
{p.a} w
! ! {p} @
{p.a} {p}
2 {a}
R
@ 0,
LTS M NBA Awm
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Back to LTL Model Checking

Recall: M satisbes the LTL formuld' il Traces(M )0 L(A")= &
SinceL(Aa- )= L(A"),

M satisbes the LTL formuld" i! L(Am 0 Aa+)= &
Where
Ay is the Buchi automaton of size O(|M| ) s.t. L(Ay ) = Traces(M )

AA- is the Buchi automaton recognizing models ofA! obtained as before. Its size i2° (" D

If L(Am 0 Aa-) = & any behavior in it is ancounterexample

Counterexamples are always of the formv' , whereu and v are Pnite words
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LTL Model Checking - Complexity

Theorem

Checking whether an LTL formuld' is satisped by a LTSM can be done in time
o(M| 1 200" Dy,

i.e., checking is polynomial in the size of the model and exponential in the size of the
specibcation.
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Emptiness of NBA

An Bdchi automaton isnon-empty i!
there exists a path to a cycle containing an accepting state
Is this automaton empty?

—=) ()
d e
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Emptiness of NBA

An Bdchi automaton isnon-empty i!
there exists a path to a cycle containing an accepting state

Is this automaton empty?
No : It acceptsa(bef)’

—>
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Emptiness of NBA

An Bdchi automaton isnon-empty i!
there exists a path to a cycle containing an accepting state

Is this automaton empty?
No : It acceptsa(bef)’

—>

Idea
Consider only reachable states &
Find all maximal strongly connected componentsSCG, SCG, etc.
An automaton is non-empty I exists SCG containing an accepting state
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Emptiness of NBA

An Bdchi automaton isnon-empty i!
there exists a path to a cycle containing an accepting state

Is this automaton empty?
No : It acceptsa(bef)’

—>

Idea
Consider only reachable states &
Find all maximal strongly connected componentsSCG, SCG, etc.
An automaton is non-empty I exists SCG containing an accepting state

ConsequenceThe language of any Buchi automata is of the foriX (Y)' whereX and
Y are regular languages of bnite words. J
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Exercise 1

Build one non-deterministic Buchi word automaton for the following formulas:
" 1 = FGp
"2=G(p( X(qur))
Build the generalized Buchi word automaton for the formula :
"=(G(p( ) ( G) where&= F(p* A)and) = F(p* Xp).
i Write the formula in negative normal form
ii Draw the reduction graph starting from ! .
iii Give the setsRed({! }), Redw({! }) and Redg ({! }).
iv Draw the transitions starting from state {! } in the GBA A~ .

v Complete the construction and draw the automaton A~ .
Indicate clearly the accepting conditions.
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Exercise 2

q3 94

Verify if the above transition system satisbesUX (a* Ab).
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