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Introduction

Introduction

e There are roughly two types of algorithms: deterministic and non-
deterministic ones.

o This classification gave birth to the well known complexity classes:
P and NP.

e A simplified definition of an algorithm: a process which transforms
an input into an output.

o A deterministic algorithm is one that for the same input will give
the same result exhibiting the same behavior on any run.

e A non-deterministic algorithm is one that can give different results
for the same input exhibiting different behaviors (e.g. values for
variables are different).

o Hssentially the difference in a non-deterministic process is caused by
choices that it can make, the interaction between running threads
etc.
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Introduction

Introduction

e A deterministic algorithm has to solve a problem correctly (always)
and as quickly as possible (usually the number of steps should be
polynomial in the size of the input).

e Examples of non-deterministic algorithms: concurrent algorithms
and randomaized algorithms.

e A randomized algorithm in addition to input takes a source of ran-
dom numbers and makes random choices during execution. Usually
the designer tries to show that its behavior is likely to be "good"
on every input.

Definition 1.1

A randomized algorithm s an algorithm which during the execution
makes some probabilistic choices.

e The above probabilistic choices consist in generating values from a
random variable. Afterwards these values are involved in computa-

tions the algorithm performs.
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Introduction

Introduction

¢ Randomized algorithms are among the most known non-deterministic
algorithms and randomization became a standard approach in al-
gorithm design often because of the simplicity and speed.

e These kind of advances of theory of probability in modern computer
science are witnessed in the last few decades.

e In areas like communication, criptography, and discrete optimiza-
tion randomness and probabilistic methods has become common
investigating tools:

o The protocol of an Ethernet card uses randomness to choose when it
next tries to acces the communication medium.

o Testing primality in criptography uses random numbers.

o Sometimes NP-hard problems can be solved on most of the inputs
using randomized algorithms.
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Introduction

More detailed applications

e Data structures: sorting, order statistics, searching.
o Algebraic tdentities: polynomial and matrix identity verification.

e (Algorithmic) Graph Theory: minimum spanning trees, shortest
paths, minimum cuts.

e Counting and enumeration: matrix permanent, counting combina-
torial structures.

¢ Parallel and distributed computing: deadlock avoidance, distributed
consensus.

e Probabilistic existence proofs: prove that a certain combinatorial
object arises with non-zero probability among objects drawn from
a particular probability space.
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Introduction Classification of randomized algorithms

Classification of randomized algorithms

e The study of the random variables associated with a randomized
algorithm is used for analyzing the efficiency and the error proba-
bility of algorithm.

e The fundamental classification of randomized algorithms: algorithms
that (always) correctly solves the problem and algorithms that err.

e Monte Carlo algorithms have a positive error probability.

e Las Vegas algorithms never err (their error probability is zero).
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Las Vegas Algorithms

e Las Vegas algorithms are randomized algorithms that guarantee
that every computed output is correct.
e The literature established a some-how different meaning of the syn-

tagma '"correct output" in that it allows the algorithm to answer
with "I don’t know" or "7".

Definition 2.1

Let A be a randomaized algorithm that allows the answer "?". A 1s
called a Las Vegas algorithm for computing a function F if, for any
input ¢ (any argument of F),

(i) P(A(z) = F(z)) > 1/2.

(ii)) P(A(z)="?")=1- P(A(z) = F(z)) < 1/2.
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Las Vegas Algorithms

Las Vegas Algorithms

e For a Las Vegas algorithms we usually investigate the expected com-
plexity: the expected time or expected space complexity.

e This happens because the runs of the algorithm on a given input
have different lengths (in CPU time and used memory space).

o We wish to devise Las Vegas algorithms with expected running time
that is bounded (e.g., by a polynomial in the size of the input).

e In the above definition the constant 1/2 can be changed with any
other constant € € (0,1) as the following result shows.
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Las Vegas Algorithms

Proposition 2.1

Let € € (0,1) and A be a randomized algorithm that computes a
function F' such that

P(A(z) = F(z)) > € and

P(A(z) = "2") =1 — P (A(z) = F(z))

Let, for k € N*, Ay be the randomazed algorithm that for any input
z ezecutes k independent runs of A on z. Estimate the smallest k
such that P (Ar(z) = F(z)) > 1/2.
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Las Vegas Algorithms Game tree evaluation

Game tree evaluation

A game tree is a rooted tree in which internal nodes at even dis-
tances from the root are labeled MIN (thus, the root has a MIN
label), and the remaining internal vertices are labeled MAX. Asso-
ciated with each leaf is a real number, which is its value.

e The evaluation of the tree is the following process: each leaf returns
the value associated with it, each MAX node returns the largest
value returned by its children, and each MIN node returns the small-
est value returned by its children.

e Given a game tree, the evaluation problem is to determine the
value returned by the root.

e This kind of evaluation plays an important role in Al (in game-
playing problems).
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Las Vegas Algorithms Game tree evaluation

Game tree evaluation

e We limit our discussion to the special case in which the values at
the leaves are bits (thus, each MIN node can be thought as a logical
AND operation and each MAX node as logical OR operation).

e We consider a complete binary tree having depth 2h, with N = 4"
leaves.

e One can easily see that every deterministic algorithm can be forced
to read all N leaves: in an AND node the first evaluated child can
have value 1, and in an OR node the value 0 - in both cases we are
forced to evaluate the second child.

e The randomized algorithm will evaluate recursively at random a
child of the current node. If the current value does not determine
the value of the current node, evaluate the other child.
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Las Vegas Algorithms Game tree evaluation

Game tree evaluation

RandomEval(z) {
if(z.operation = AND){
choose uniformly at random a child u;
if(RandomEval(u) == 1) {
let v the other chuild,
return RandomEval(v);

}

return 0;

}
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Las Vegas Algorithms Game tree evaluation

Game tree evaluation

Theorem 2.1
For a game tree with depth 2h, the expected cost of evaluation is at
most 3".

Proof. First consider an OR node that returns 1 with two leaves as
children (the worst case for a deterministic algorithm would be a 0 value
leaf and an 1 value leaf); with probability 1/2 the algorithm chooses
first the leaf with 0 value, therefore the expected number of steps is
1/2-141/2.2 = 3/2; in a similar manner for an AND node that returns
0 with two leaves as children, the expected number of steps is 3/2.
Obviously, the number of steps is 2 for an AND node evaluating at 1
and an OR node evaluating at O - there is no saving. But the benefit
of the randomized algorithm is that at an internal AND node in a tree
returning 1 both OR children must return 1 which is the "good" case
for OR.
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Las Vegas Algorithms Game tree evaluation

Game tree evaluation

We proceed by induction. We evaluate first the expected number of
steps! for » = 1, that is, for a root labeled with AND with two OR
children each having two leaves as children.
If the root returns 0, then the average number of evaluations is at most
1/2-241/2-3/2 =7/4 (1 for one of its children and 2 for both leaves
of it).
If the root returns 1, then the number of evaluations is 3/2 +3/2 = 3
(both children are in the "good" case for OR nodes).
Now consider an OR node those AND children are roots of subtrees with
2(h — 1) depth each. If the root were to evaluate to 1, at least one of its
children returns 1. With probability 1/2 this child is chosen first, and,
with probability 1/2 both subtrees are evaluated. The expected cost is
at most

1 1 3

7.3’7;71 7'2.3’7;71 — 73}7471'
2 + 2 2

1A step is a leaf evaluation.
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Las Vegas Algorithms Game tree evaluation

Game tree evaluation

If the OR root were to evaluate to 0, both children must be evaluated,
incurring a cost of at most 2 - 31,

Consider now an AND node as the root of a 2h depth tree. If the root
were to evaluate to 0, then at least one of its OR children returns 0;
with probability 1/2 this child is chosen first, and the expected cost is
at most

1
2 . 3h71 Akl
+ 2
If the AND root were to evaluate to 1, both children must be evaluated,
incurring a cost of at most

Suatisticd
5-3h 13,

3
2-5-3’“1:3"1

o If we denote by N the number of leaves of such a tree, then the
expected number of steps (node evaluations) is at most
Nloesd3 = N¢ (¢ < 0.8).
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QuickSort and RandomizedQuickSort

e We consider the problem of sorting the elements of a given set S
(having a linear order on all elements) by comparisons of pairs of
elements only.

o If we could find a member z of S such that half of the members of
S are smaller than z, then we could use the following procedure:

o partition S\{z} into two subsets S; and S, where S; consists of those
elements that are smaller than z, and S; the rest of the elements.

o recursively sort S; and S, then return the elements of S; in ascending
order, followed by z, and then the elements of S, in ascending order.
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Las Vegas Algorithms RandomizedQuickSort

QuickSort and RandomizedQuickSort

e If we could find z in cn steps (for some constant c¢), then we could
partition S\ {z} in (n — 1) steps by comparing each element with
@k

e Denote by T'(n) the number of steps for such a procedure in the
worst-case scenario with an input of length n = |S]|.

e T(n) would be given by the following recurrence
T(n) <2T(n/2) + (c + 1)n.

e The solution of this recurrence is T'(n) < cnlogn (for some con-
stant ¢) which give a running time of O(nlogn).

e The time complexity remains the same even for an z which ensures
only a roughly even split.
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Las Vegas Algorithms RandomizedQuickSort

RandomizedQuickSort

e The question is how to quickly find such an z?

e One simple answer is to choose an element of S at random; the result
is RandomizedQuickSort - an example of Las Vegas randomized
algorithm.

RandQuickSort(.S) {
choose z € S wndependently and uniformly at random;
// z is called the pivot.

S1+—{yesS:y<zh

So+—{yesS:y>zch

return [RandQuickSort(S1), z, RandQuickSort(S2)]; }

e We are interested in counting the number of comparisons - this is
the dominant cost of the algorithm.
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Las Vegas Algorithms RandomizedQuickSort

RandomizedQuickSort

e Suppose that true linear order of elements in Sis o < 2, < ... <
Tp.

e In an worst-case scenario the time complexity of the algorithm is
O(n?) (for example if the input is ¢y = n, s =n —1,...,z, = 1,
and the pivot is always in the first position).

e As we already pointed out we are interested in computing the ex-
pected number of comparisons.

e The total number of comparisons, X, is obviously a random vari-
able. If we denote by X;; the following Bernoulli variable

. 1, =z; and z; are compared during the run
Y 0, otherwise

n
X can be described as X = > )~ Xj;.
i=17>1
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Las Vegas Algorithms RandomizedQuickSort

RandomizedQuickSort

Theorem 2.2

For any wnput the ezpected number of comparisons made by
RandQuickSort s 2nlnn + O(n).

Proof. If p;; is the probability that z; and z; are compared during the
execution of the algorithm, then

n n
E[X] =) > EXy]=> ) py

i=17>1 i=17>1
z; and z; are compared if and only if z; or z; is the first pivot chosen
from the subset S¥ = {z;, z;11,...,2;}-
The pivot being chosen independently and uniformly at random from
each subset, the pivot it is likely to be any element of this subset, that
is, p;j =2/( — ¢ +1).
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Las Vegas Algorithms RandomizedQuickSort

RandomizedQuickSort

n

sz—z—l—l z_:zn;j—z—i-l

1=19>1
n—1ln— z+1 nnk+1 n n—k4+1
SO BHIEEE Db S LB
=1 k=2 k=1
n

1
:(2n+2)za—2n:2nlnn—|—(9(n).l
i1k
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Las Vegas Algorithms A randomized median algorithm

A randomized median algorithm

Definition 2.2

Given a set S of n totally ordered elements, the median of S 1s an
element m of S such that at least |n/2| elements in S are less or

equal to m and at least |n/2] +1 elements in S are greater or equal
to m.

e The median can be easily found deterministically in O(nlogn)
steps by sorting and choosing the appropiate element of S in as-
cending order; there is also a rather complex linear time complexity
deterministic algorithm for computing median ([Blum73]).

e We present a simpler randomized linear time algorithm whose basic
idea is to find two elements that are close together in the sorted
order of S and that have the median lie between them.

e This algorithm is also of Las Vegas type.
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Las Vegas Algorithms A randomized median algorithm

A randomized median algorithm

RandMedian(S) {
let R be the multi-set of [\/4 n3| chosen elements of S independently
and uniformly at random with replacement;

SOrt R; // use an optimal deterministic algorithm in O(|R|log |R|) steps

let d «the |vVn3/2 — \/n]|th smallest element in the sorted order
of R;

let u «the [v/n3/2 + /n|th smallest element in the sorted order
of R;

C«—{zeS :d<z<ul

li={zeS:z<d}l;lu={z €S : z>u};

if(lg > n/2 or I, > n/2 or |C| > 4[v/n3])

return “no median found";

sort C;

return the (|n/2] — lg + 1)th smallest element in the sorted order
of C; }
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Las Vegas Algorithms A randomized median algorithm

A randomized median algorithm

e The choice of the size of R and the choices for d and w are tailored
to guarantee both that

(i) C include the median of S with high probability and
(ii) C is sufficiently small that it can be sorted in sublinear time with
high probability.

Theorem 2.3
The randomized median algorithm has a linear time complezity and
gies a correct output.

Proof. The algorithm could give an incorrect answer if and only if the
median doesn’t belong to set C when I3 < n/2, I, < n/2, and |C| <
4[+/n3]; but this means that Iy > n/2 or I, > n/2 or |C| > 4[v/n3].
In what concerns the time complexity, the sorting of C could be done

. 4 4
in O(v'n3log vnd = O(n). [ |
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Las Vegas Algorithms A randomized median algorithm

A randomized median algorithm

e The following result, given here without a proof (you can consult
[Mitzenmacher65]), concludes the analysis of the randomized me-
dian algorithm.

Theorem 2.4

The probability that the randomized median algorithm finds no me-
dian s at most 1//n.

Olariu E. Florentin Probabilities and Statistics - Lecture April 27, 2026 26 / 45



Monte Carlo algorithms

(One sided bounded-error) Monte Carlo algorithms

e Monte Carlo algorithms are randomized algorithms that can’t guar-
antee that every computed output is correct (sometime they cannot
give a solution to the problem).

Definition 3.1

A randomized algorithm A 1s called a Monte Carlo algorithm for
computing a function F if, for any input ¢ (any argument of F ),

P(A(z) = F(z)) > 1/2.

e Many such algorithms appear in optimization problems. Very rel-
evant for a Monte Carlo algorithm is that the error probability is
bounded from above.
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Monte Carlo algorithms

Amplification with Monte Carlo algorithms

e Like in the Las Vegas algorithm definition the constant 1/2 from the
former definition can be replaced with any other constant ¢ € (0, 1).

e The amplification is the operation of independently repeating of
the algorithm until the error probability decreases as desired. It is
like we try to transform a Monte Carlo algorithm in a Las Vegas
one.

e Suppose that the error probability of an algorithm A is at most €
and we independently repeat the algorithm & times; the probability

of getting only erroneous answers is at most e*,
e Since klim ¢* = 0, for large enough k, one can make this probability
—00
as small as desired.

e Warning: large values of £ may dramatically increase the overall
time complexity.
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Monte Carlo algorithms Verifying matrix multiplication

Verifying matrix multiplication

e Suppose we are given three n x n matrices A, B, and C; assume
also that we are working over integers modulo 2.

e We want to verify weather A - B = C. This is a decision problem
(it accepts only an "yes" or a "no" as answer).

e One way is to multiply A and B and compare the result with C;
the matrix multiplication takes O(n?®) or using more sophisticated
algorithms O(n237).

e We devise a randomized algorithm that allows faster verification
at the expense of possibly returning a wrong answer with small
probability.
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Monte Carlo algorithms Verifying matrix multiplication

Verifying matrix multiplication

RandomVerify(A, B, C) {
generate 71, r2,...,7 s € {0, 1} independently and uniformly at ran-
dom;
7 (11,72, Tn);
if(ABr = Cr)
return “yes”;

return "no”; }
e When the algorithm returns "no" we are sure that A- B # C. The

only error the algorithm can make is to return "yes" when the true
answer is "no".

e We will bound this error probability using the following result.
Theorem 3.1

L . 1
For r € {0,1}", chosen like in the algorithm, P(ABr = Cr) < 5
. 1
provided that A- B # C. (P(ABr =Cr|A-B # C) < 5.)
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Monte Carlo algorithms Verifying matrix multiplication

Verifying matrix multiplication

Proof. Since D = AB — C # 0 - we can suppose that d;, # 0; if
Dr =0, then

n—1
" > dur

Zdliri =0=>r, = =t

i=1 din
After r,..., r,_1 were chosen there are two possible values for r,, there-
fore the probability that the above equality holds is at most 1/2.
P(ABr =Cr) =
= Z P[(ABr=Cr)n{ri==z : 1=1,n—1}]

(1:1 ,...a:n,l)e{o,l}"*l

n—1
> duir
1=1 . T 1
< Z p 'rn:—T N{r;=z;, : 1=1,n-1}
(21,2 —1)€{0,1}7 1 n
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Monte Carlo algorithms Verifying matrix multiplication

Verifying matrix multiplication

DR f (= | -y AP
(1,..2n—1)€{0,13n1

< Dig 1P(ﬁ{ri::z:i:'1L:1,n7—1}):%.l
(21,-n_1)€{0,1}n 1
e The algorithm consists in generating n uniform random numbers
and three matrixx vector multiplications (O(n?)). Hence, the time
complexity of the algorithm is O(n?).
o If we independently run the algorithm % times we will get an error
probability smaller than 2%,
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Monte Carlo algorithms A randomized min-cut algorithm

Karger’s algorithm

e We consider a multi-graph G = (V, B, w), where w : B — N*
determines its edges multiplicities (that is, we have a graph with
positive integer weights on its edges).

e A cutin G is generated by a bipartition of V', (A, B), and its cost
is w(A, B) = Yecpa,p w(e), where B(A,B) ={uwv € B : u €
A,v € B} are the edges of the cut.

e The min-cut problem asks to find a cut of minimum cost in G.
For solving this problem there exists an O(nm + n2logn) time
complexity deterministic algorithm? (in contrast to the maz-cut
problem which is NP-hard).

e We study in this section a randomized min-cut algorithm which is
based on the contraction of edges in a graph.

2The Stoer-Wagner algorithm.
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Monte Carlo algorithms A randomized min-cut algorithm

Karger’s algorithm

e The basic operation, contraction(u, v), replaces in the current graph
vertices 4 and v by a new vertex z and assigns the set of edges in-
cident with 2 by the union of the edges incident on » and v.

e During the contraction edges from u and v with the same end-point
are retained as multiple edges.

RandMinCut(G , w) {

while(| V(G)| > 2) {
choose e = wv € E(G) independently and uniformly at random,;
(G, w) « contraction(u, v);

}
return E(G); }
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Monte Carlo algorithms A randomized min-cut algorithm

Karger’s algorithm

o After each step the number of vertices decreases by one and any cut
in the new graph is a cut in the original graph.

e After each iteration some of the cuts in the original graph may
vanish, but the algorithm ends with a set of edges that represents
the edges of a cut in the original graph.

e An useful strategy is to terminate the algorithm with & > 2 vertices
instead of 2, and, after that, to apply a deterministic algorithm to
find a minimum cut in the remaining graph.

RandMinCut(G , w, k) {

while(| V(G)| > k) {
choose e = wv € E(G) independently and uniformly at random,;
(G, w) + contraction(u,v);

}
return E(G); }
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Monte Carlo algorithms A randomized min-cut algorithm

Karger’s algorithm

Theorem 3.2

The randomized min-cut algorithm RandMinCut(G , w, k) has a
polynomaial time complexity and computes a min-cut with a proba-

bility at least M
n(n —1)

Proof. Each contraction can be executed in O(n) steps (why?); hence,

the complexity of RandMinCut(G , w, k) is O((n — k)n).

If in a n-vertex (multi-)graph we have a min-cut of cost h, then the

minimum degree of a vertex is at least A (why?), therefore the number

edeges is at least hn/2; the probability that an edge belonging to a min-
2

cut is contracted will be at most —— = —.

hn/2 n
Let us consider a given min-cut C. We estimate the probability that C
is not returned by the algorithm.
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Monte Carlo algorithms A randomized min-cut algorithm

Karger’s algorithm

If C is returned, then it means that none of the edges of C has ever
been contracted.

Let A; be the event that an edge of C' is contracted in the :th step
and B; be the event that no edge of C is contracted in the first (z: — 1)
iterations. The number of vertices after ¢ iterations is (n — ), therefore

P(A)>1— —,P(A;Bi.1) 21— ——————.
( 1) 7 n; ( ’ 1) n TP
On the other hand,
P(B;) = P(A;N B;_1) = P(A;|B;_1)P(B;_1),Vi < k.
P(By) = P(A;1)- P(A3|By) - ...  P(AL|By 1) >

nk 2 k(k — 1)
>i:1_[1<1_n—i+1)>n(n—l)'.
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Monte Carlo algorithms A randomized min-cut algorithm

Karger’s algorithm

e For k = 2 the algorithm RandMinCut(G , c¢) guarantees en error
probability of at most [1 —2/n(n — 1)] > (1 —2/n?);

e We can reduce the error probability by repeating the algorithm: if
we execute n?/2 times the algorithm (increasing the overall time
complexity to O(n?)) the error probability is at most

n2

b i< -
n? e’

e If we execute n(n —1)1nn times the algorithm (increasing the over-
all time complexity to O(n*log n)) the error probability is at most

1)1
(1_ 2 )'n(n 1) nn<e—21nn:i
n(n —1) n2’

e The great advantage of this algorithm is its simplicity.
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Probabilistic Method

e The probabilistic method is a technique used for proving the exis-
tence of some mathematical (combinatorial) objects having certain
properties.

e The background idea is to prove that a certain object has a pozitive
probability to exist, hence it must exist.

e In order to use this technique we define a probability space over
the set of involved objects and compute, or just estimate, some
probabilities.

o This method often uses a randomized algorithm those analysis gives
as a byproduct the proof of existence for some combinatorial objects.
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Probabilistic Method

Theorem 4.1

(Expectation principle) If X s a discrete random wvariable with
M[X] > a, then P{X > a} > 0.

First applications of this principle come from logic, namely the well
known satisfiability problem.
Proposition 4.1

Let F = {C1,Cy,...,Cp} be a family of m clauses. Then there
exists an assignation of truth values over the boolean variables such
that the number of true clauses s at least

i (1—271%0) > m(1-27"),

1=1

where h = min |C;|.

1<i<m
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Satisfiability Problem

proof: Let’s imagine the following abstract random experiment: to each
boolean variable z assign value 1 (true) or 0 (false) independently and
with probability 0.5. Define the (Bernoulli) random variables

X = 1, if C; is true
10, if C;is false

The probability that C; is true equals the probabilitaty that at least one
of its | C;| literals is true, or (1 7 2"0”). The number of true clauses is

n
X = Z X;, therefore

1=1
m m
EX]=Y EX)=) (1-271%) >m(1-27")
=1 1=1
The conclusion follows from Theorem 4.1. |
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Probabilistic Method Satisfiability Problem

Satisfiability Problem

Corollary 4.1

Any instance of a k-SAT problem having less than 2* clauses is
satisfiable. (An instance of k-SAT s a SAT instance having in
each clause ezactly k literals.)

proof: We reuse the above argument, with |C;| = &k, Vi = 1, m:

E[X] = iE[Xi] = f: (1—27%) =m(1-27%) >m -1,

1=1

we get that P{X > m} = P{X > m — 1} > 0 - therefore it must exist
a truth assignment which satisfies all the clauses. |
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Probabilistic Method Satisfiability Problem

Satisfiability problem

e The above bound is best possible as, we can define an unsatisfiable
instance of k-SAT with 2% clauses: the family of all clauses having
each k literals over k£ boolean variables.

e In a similar manner we can prove

Proposition 4.2
A family of clauses F = {Ci,..., Cn} 1s satisfiable if

m
o2l <,
=1
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