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Random variables - inequalities Markov and Chebyshev inequalities

Markov inequality

Theorem 1.1

(Markov inequality.) Let X > 0 be a discrete random variable with

E[X ] = �. Then

P fX > tg 6 �

t
;8t > 0:

proof: When X is a discrete random variable having the following dis-
tribution

X :

Ç
x1 x2 : : : xn : : :

p1 p2 : : : pn : : :

å
;

where x1 < x2 < : : : < xn < : : :. Let us suppose that t 2 (xk�1; xk ] (x0 =
�1), then � = E[X ] =

X
i

pixi >
X
i>k

pixi > t
X
i>k

pi = t �PfX > tg. �

Observation. The probability that a random variable X > 0 (with �nite
expectation), has values greater than a given t > 0, becomes smaller as
t increases.
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Random variables - inequalities Markov and Chebyshev inequalities

Markov inequality

Proposition 1

The Markov inequality becomes equality if and only if

PfX = 0g+ PfX = tg = 1:

Example. Let X > 0 be a random variable with E[X ] = 1. Find upper
bounds for the following probabilities.

PfX > 2g;PfX > 4g and PfX > 2kg:
Solution: Using Markov inequality

PfX > 2g 6 E[X ]

2
=

1
2
;PfX > 4g 6 E[X ]

4
=

1
4
;

PfX > 2kg 6 E[X ]

2k
=

1
2k

|
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Random variables - inequalities Markov and Chebyshev inequalities

Chebyshev inequality

Theorem 1.2

(Chebyshev inequality.) Let X be a discrete random variable with

E[X ] = � and Var [X ] = �2. Then

P fjX � �j > tg 6 �2

t2
; 8t > 0:

proof: Consider the variable Y = (X � �)2 for which E[Y ] = Var [X ],
then using Markov inequality,

P fjX � �j > tg = P
{
(X � �)2 > t2

}
6
E[Y ]

t2
=

�2

t2
; 8t > 0:

�
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Random variables - inequalities Markov and Chebyshev inequalities

Chebyshev inequality

� A possible interpretation of this inequality: if a variable has small
variance, then the probability that this variable takes values far
away from its expectation is small.

� The following Chebyshev inequality consequence says that the prob-
ability that a variable takes values at least k standard deviations

far from its expectation is at most
1
k2

.

Corollary 1.1

Let X be a variable with E[X ] = � and Var [X ] = �2 > 0.

P fjX � �j > k�g 6 1
k2

; 8k > 0:

� In this way we can say that the standard deviation measures the
spreading of the values of a variable around its expectation.
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Random variables - inequalities Markov and Chebyshev inequalities

Chebyshev inequality

Proposition 2

The Chebyshev inequality becomes equality if and only if

PfX = �� tg+ PfX = �g+ PfX = �+ tg = 1:

Example. Let X be a random variable with E[X ] = 1 and Var [X ] = 4.
Find (lower or upper) bounds for the following probabilities

PfX > 3g;PfjX � 1j > 6g and PfX 6 �9g:
Solution: Using Chebyshev inequality

PfX > 3g = PfX � 1 > 2g 6 PfjX � 1j > 2g 6 Var [X ]

22
= 1;

PfjX � 1j > 6g 6 4
36

=
1
9
;

PfX 6 �9g = PfX � 1 6 �10g 6 PfjX � 1j > 10g 6 1
25

|
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Random variables - inequalities Cherno� and Hoe�ding bounds

Cherno� bounds

Theorem 2.1

Let (Xi )16i6n independent variables, each being Bernoulli dis-

tributed with a parameter pi , respectively. If X =
nX

i=1

Xi , � = E[X ],

then

PfX > (1+ �)�g <
ñ

e�

(1+ �)1+�

ô�
(upper tail), 8� > 0 and

PfX < (1� �)�g <
ñ

e��

(1� �)1��

ô�
(lower tail), 8� 2 [0; 1):
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Random variables - inequalities Cherno� and Hoe�ding bounds

Cherno� bounds

� The �rst inequality says that the sum of Bernoulli independent vari-
ables exponentially decays as we move to the right of its expectation:

lim
�!+1

ñ
e�

(1+ �)1+�

ô�
= 0:

� Both inequalities has simpler forms:

Corollary 2.1

Let (Xi )16i6n be independent variables, having Bernoulli distribu-

tion with parameter pi . If X =
nX

i=1

Xi , � = E[X ], then

PfX > (1� �)�g < exp

Å��2�
2+ �

ã
; 8� > 0:
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Random variables - inequalities Cherno� and Hoe�ding bounds

Cherno� bounds - an application

Application. We �ip a coin n times; let Xi be a variable equal with 1
if we get the head at the i -th �ip and 0 otherwise. X =

X
i=1

Xi is the

number of heads from all �ips.

E[Xi ] = pi =
1
2
;Var [Xi ] = pi (1� pi ) =

1
4
;

� = E[X ] =
nX

i=1

E[Xi ] =
n

2
and �2 = Var [X ] =

nX
i=1

Var [Xi ] =
n

4
:

(This is a di�erent way to compute the characteristics of a binomial
variable.) Using Cherno� bounds we get

Olariu E. Florentin Probabilities and Statistics - Lecture 6 March 23, 2026 10 / 45



Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics  Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Random variables - inequalities Cherno� and Hoe�ding bounds

Cherno� bounds - an application

PfX > �+ �g = P

ß
X >

Å
1+

�

�

ã
�

™
< exp

Å ��2
�+ 2�

ã
=

= exp

Å ��2
�+ n

ã
:

We compare this result with those from Markov and Chebyshev inequal-
ities:

PfX > �+ �g 6 �

�+ �
=

n

n + 2�
(Markov);

PfX > �+ �g 6 PfjX � �j > �g 6 �2

�2
=

n

4�2
( Chebyshev):

Note that Markov inequality is weaker than Chebyshev inequality which
is weaker than Cherno� bounds. On the other hand Markov inequality
(and Chebyshev's) don't need the independence of the n variables.
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Random variables - inequalities Cherno� and Hoe�ding bounds

Hoe�ding bounds

Theorem 2.2

Let X1;X2; : : : ;Xn be independent bounded random variables: ai 6

Xi 6 bi , ai 6= bi 2 R, i = 1;n and X =
nX

i=1

Xi . Then

PfX � E[X ] > �g 6 exp

Å
� 2�2Pn

i=1(bi � ai )2

ã
;8� > 0:

Corollary 2.2

In the above conditions we have

PfjX � E[X ]j > �g 6 2 exp
Å
� 2�2Pn

i=1(bi � ai )2

ã
;8� > 0:

Olariu E. Florentin Probabilities and Statistics - Lecture 6 March 23, 2026 12 / 45



Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics  Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Continuous random variables Continuous random variables

Continuous random variables - Random events

� When j
j > jRj (i.e., 
 has, at least, a continuous cardinal), random
events are de�ned in a di�erent manner.

� The most notably di�erence in de�nition is that it is possible to have
subsets A � 
 that are not random events: for technical reasons
the random events family forms a �-algeba A � P(
):
� ?;
 2 A;

� if A1;A2 2 A, then A1 \A2 2 A;

� if (An)n>1 � A, then
[
n>1

An 2 A.

� The probability function is de�ned only on A (with known axioms):

P : A ! [0; 1]:
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Continuous random variables Continuous random variables

Continuous random variables

� A function X : 
! R is called random variable if

for every interval J � R;X�1(J ) 2 A:
� A random variable X : 
! R is called continuous if its distribution
function is a continuous one (Sometimes, this de�nition addresses

the situations when X (
) has a continuous cardinality).
� The distribution of such a variable is given by its cumulative dis-
tribution function (or for short distribution function):

F : R! [0; 1];F (a) = P(X 6 a);

� or by its probability density function, f : R ! [0;+1), such that
F can be described like follows

F (a) = P(X 6 a) =

aZ

�1

f (t) dt :
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Continuous random variables Continuous random variables

Continuous random variables

� Any function f : R ! [0;+1), such that

1Z

�1

f (t) dt = 1, is the

density function for a certain continuous random variable (or simply
a continuous distribution).

� Using the probability density function we can compute (if the inte-
grals exist) the expectation and the variance:

E[X ] =

+1Z

�1

tf (t) dt and Var [X ] =

+1Z

�1

(t � E[X ])2 f (t) dt :

� If h : R! R is a real (say, continuous) function, and X is a random
variable with the density f , then h(X ) is a random variable having
the following expected value

E[h(X )] =

Z
1

�1

h(t)f (t) dt :
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Continuous random variables Continuous random variables

Continuous random variables

� The associated probabilities are computed like this

P(a < X 6 b) = F (b)� F (a) =

bZ

a

f (t) dt

which is the area under the graph of f between t = a and t = b.

� If F is continuous, P(X = a) = 0 and P(a 6 X < b) = P(a <

X 6 b) = P(a < X < b).

� For a given random variable X : 
 ! R, standardization consists
in the following transformation of X :

Y =
X � E[X ]

StDev [X ]
:

� The new variable is "standard", that is,

E[Y ] = 0 and Var [Y ] = 1:
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Continuous random variables Continuous random variables

Continuous random variables - Example

Example The life time, in years, of some electronic component is a
continuous random variable with the density

f (x ) =


k

x 4
; x > 1

0; x < 1

Find k , its distribution function, and the probability for life-time to
exceed 2 years.

Solution. We must have f (t) > 0;8t 2 R and

1Z

�1

f (t) dt = 1, therefore

k > 0 and 1 =

1Z

1

k

t4
dt =

ï
� k

3t3

ò
1

1

=
k

3
which gives k = 3.
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Continuous random variables Continuous random variables

Continuous random variables - Example

The distribution function is F (x ) =

xZ

�1

f (t) dt , therefore

F (x ) =

 1� 1
x 3

; x > 1

0; x < 1

Let X be the life time of this electronic component, the probability that
the life-time exceeds 2 years is P(X > 2) = 1�P(X < 2) = 1�F (2) =
1=8 (because F is continuous).

Olariu E. Florentin Probabilities and Statistics - Lecture 6 March 23, 2026 18 / 45



Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics  Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics
Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Probabilities and Statistics Probabilities and Statistics Probabilities and Statistics 

Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

Uniform distribution. It is denoted by U (a ; b) and have the density
function

f (t) =


0; x < a

1
b � a

; x 2 [a ; b]

0; x > b

If X : U (a ; b), then E[X ] =
a + b

2
and Var [X ] =

(b � a)2

12
.

U (0; 1) is called the standard uniform distribution.
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Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

Exponential distribution. It is abbreviated by Exp(�) and have the
density function (� > 0 is the rate parameter)

f (t) =

®
0; x < 0

�e��x ; x > 0

X : Exp(�), E[X ] =
1
�
;Var [X ] =

1
�2

.

Exponential distribution is used to model waiting time, interarrival

time, hardware lifetime, failure time; in a sequence of rare events

the time between events is exponentially distributed.

The Exponential distribution is memoryless (having waited for x0 min-
utes get forgotten): regardless of the event X > x , when the total
waiting time exceeds x , the remaining waiting time still has Exponen-
tial distribution: P(X > x +�x jX > x ) = P(X > �x ) (why?).
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Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

Gaussian (normal) distribution. It is denoted by N (�; �2) with the
density function

f (t) =
1

�
p
2�

� e�
(t � �)2

2�2 :

If X : N (�; �2), then E[X ] = � and Var [X ] = �2.
The distribution N (0; 1) is called the standard normal distribution.
The values of a normal distributed variable have the following spreading
(symmetrical around the mean): %68 belongs to a interval [���; �+�],
%95 belongs to [�� 2�; �+ 2�], and %99:7 belongs to [�� 3�; �+ 3�].
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Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

� Normal distribution has a proeminent role in Probability and Statis-
tics for at least two reasons.

� As a consequence of the Central Limit Theorem (CLT - see below)
sums and/or averages of identical distributed independent random
variables have approximatively a Normal distribution.

� Normal distribution was found to be a good model for variables like
temperature, weight, height or even student grades.

� The Normal distribution was tacitly used by de Moivre for approx-
imating to the binomial distribution and was later used by Laplace
and Gauss.
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Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

Student (or t) distribution. It is denoted by t(r) with the density
function

f (x ) =

�

Å
r + 1
2

ã
p
r��

(r
2

) Å1+ x 2

r

ã� r+1
2

;

where �(y) =

+1Z

0

x y�1e�x dx . For a random variable X : t(r), we have

E[X ] = 0 and Var [X ] =
r

r � 2
.

The larger the number of degrees of freedom, the more the distribution
looks like the standard normal distribution.
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Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

Gamma distribution. It is denoted by �(�; �) with the density function

f (x ) =

{
��

�(�)
x��1e��x ; x > 0

0; x 6 0
;

where �(t) =

+1Z

0

x t�1e�x dx . � is the shape parameter and � is the

rate (or the frequency) parameter. For a random variable X : �(�; �),

we have E[X ] =
�

�
and Var [X ] =

�

�2
.

Suppose that we have a process that consists of � independent steps,

and each step takes Exp(�) amount of time, then the total time

follows a Gamma distribution.

That is, Gamma distribution is a sum of � independent Exponential
variables.
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Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

Chi-squared distribution. It is denoted by �2(r), where r 2 N� is the
number of degrees of freedom. Its density function is

f (x ) =

 x r=2�1e�x=2

2r=2�(r=2)
x��1e��x ; x > 0

0; x 6 0
;

where �(t) =

+1Z

0

x t�1e�x dx .

The chi-squared distribution is a particular case of Gamma distribution:
when X : �2(r), then X : Gamma(r=2; 1=2).
This distribution is widely used in inferential statistic (we will see later
in which way) for goodness of �t of a given sample distribution or for
independence testing of two categorical variables.
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Continuous random variables Remarkable continuous distributions

Remarkable continuous distributions

Fisher distribution. It is denoted by F (r1; r2), where r1; r2 2 N
� are

the two numbers of degrees of freedom. Its density function is

f (x ) =


 

(r1x )
r1r r2

2

(r1x + r2)r1+r2

xB(r1=2; r2=2)
; x > 0

0; x 6 0

;

where B(t1; t2) =

1Z

0

x t1�1(1� x )t2�1 dx .

If X1 : �
2(r1) and X2 : �

2(r2) , then X =
X1r2
X2r1

: F (r1; r2).

Like the Exp(�);Gamma(�; �), and �2(r), the Fisher distribution is
nonnegative and nonsymmetrical. It is used in inferential statistic and
play a proeminent role in the analysis of variance - ANOVA.
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The fundamental laws

Markov and Tchebychev inequalities revisited

Proposition 3

Let X > 0 be a non-negative continuous random variable which

has a probability density function. If a > 0, then

P(X > a) 6
E[X ]

a
:

proof:

E[X ] =

Z
+1

0

tf (t)dt =

Z a

0

tf (t)dt +

Z
+1

a
tf (t)dt >

Z
+1

a
tf (t)dt > a

Z
+1

a
f (t)dt = aP(X > a):

�

In a similar we can get the Tchebychev's inequality for continuous ran-
dom variables having a probability density function.
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The fundamental laws Tchebychev's theorem

Tchebychev's theorem

Theorem 1.1

Let (Xn)n>1 be a sequence of independent random variables hav-

ing �nite variances, uniformly bounded, that is Var [Xn ] 6 c, for

every n > 1. Then

lim
n!1

P

Ç∣∣∣∣∣ 1n nX
i=1

Xi � 1
n

nX
i=1

E[Xi ]

∣∣∣∣∣ < �

å
= 1:

proof: We know that

E

ñ
1
n

nX
i=1

Xi

ô
=

1
n

nX
i=1

E[Xi ] and

Var

ñ
1
n

nX
i=1

Xi

ô
=

1
n2

nX
i=1

Var [Xi ] <
c

n
:
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The fundamental laws Tchebychev's theorem

Tchebychev's theorem

Applying the Tchebychev's inequality for the variable
1
n

nX
i=1

Xi we get

1 > P

Ç∣∣∣∣∣ 1n nX
i=1

Xi � 1
n

nX
i=1

E[Xi ]

∣∣∣∣∣ < �

å
> 1�

Var

ñ
1
n

nX
i=1

Xi

ô
�2

> 1� c

n�2
:

Taking to the limit we obtain

lim
n!1

P

Ç∣∣∣∣∣ 1n nX
i=1

Xi � 1
n

nX
i=1

E[Xi ]

∣∣∣∣∣ < �

å
= 1:�
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The fundamental laws The Law of Large Numbers

The weak law of large numbers

� The laws of large numbers say that as the number of identically dis-
tributed and independent random variables increases, their sample
mean approaches their theoretical common mean (expectation).

Theorem 2.1

(The weak law of large numbers, Khintchine's law) Let (Xn)n>1
be a sequence of identically distributed independent random vari-

ables having mean � and variance �2. Then

lim
n!1

P

Ç∣∣∣∣∣ 1n nX
i=1

Xi � �

∣∣∣∣∣ < �

å
= 1 or

lim
n!1

P

Ç∣∣∣∣∣ 1n nX
i=1

Xi � �

∣∣∣∣∣ > �

å
= 0:
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The fundamental laws The Law of Large Numbers

The strong law of large numbers

proof: It is a consequnce of the previous theorem, since

1
n

nX
i=1

E[Xi ] = �:

�

Theorem 2.2

(The strong law of large numbers) Let (Xn)n>1 be a sequence of

identically distributed and independent random variables having

mean � and variance �2. Then

P

Ç
lim
n!1

1
n

nX
i=1

Xi = �

å
= 1:

proof: It is too complex and will be omitted.
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The fundamental laws The Law of Large Numbers

An example - frequencies

� Bernoulli is credited with the �rst proof of the weak law of large
numbers, but only for Bernoulli distributions.

� Suppose that we have a random experience and a related random
event A with P(A) = p. We independently perform the experience,
and consider the following sequence of random variables: Xi = 1 if
A occurs at the ith performing, and 0 otherwise.

� The variables are independent and Bernoulli distributed with pa-
rameter p. The law of large numbers says that, with probability 1,

1
n

nX
i=1

Xi ! p:

�
nX

i=1

Xi is the number of occurrences of A after n performings of the

experience. In other words the law of large numbers says that the
A occurs with frequency p.
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The fundamental laws The Law of Large Numbers

Bernoulli's theorem

Proposition 4

Let �n be a the number of occurrences of an event A in n inde-

pendent performings of a random experience. If fn =
�n

n
is the

relative frequency of occurrence of A, then the sequence (fn)n>1
converges in probability to p, the probability of A.

proof: �n = nfn is a binomial distributed variable, hence E[�n ] = np

and Var [�n ] = np(1� p). Moreover

P(jfn � pj < �) = P(j�n � npj < n�) = P(j�n � E[�n ]j < n�) >

> 1� p(1� p)

n�2
:

Obviously, lim
n!1

P(jfn � pj < �) = 1, for every � > 0. �
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The fundamental laws The Law of Large Numbers

Some History

� James Bernoulli proved the weak law of large numbers in 1700;
Poisson generalized his result around 1800.

� Tchebychev discovered his inequality in 1866, and Markov extended
Bernoulli's theorem to dependent random variables.

� In 1909 Émile Borel proved what today is known as the strong law
of large numbers that further generalizes Bernoulli's theorem.

� In 1926 Kolmogorov derived a more general condition that was suf-
�cient for a set of mutually independent random variables to obey
the law of large numbers. This condition is

X
n>1

Var [Xn ]

n2
< +1:
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The fundamental laws The Law of Large Numbers

Exercises for Seminar

� Markov and Chebyshev's Inequalities: I.1, I.3, I. 5, I.6, I.7, I.8, I.9.

� Continuous random variables: II.1, II. 4, II.5, II.6 (f1; f3).

� Reserve: I.10, I.11, II.3.
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The fundamental laws The Law of Large Numbers

End
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Exercises Markov and Chebyshev's Inequalities

Exercises - Markov and Chebyshev's Inequalities

I.1. A random variable X > 0 has its expectation and variance both
equal with 20. Using Markov and/or Chebyshev's inequalities �nd lower
and/or upper bounds for PfX > 40g and Pf�60 6 X 6 100g.
I.2. Let X > 0 be random variable with E[X ] = Var [X ] = 1. Using
Markov and/or Chebyshev's inequalities �nd lower and/or upper bounds
for

PfX > 2g;PfjX � 1j > 2g;PfX 6 �3g:
I.3. Let X > 0 be random variable with E[X ] = Var [X ] = 2. Using
Markov and/or Chebyshev's inequalities �nd lower and/or upper bounds
for PfX > 8g and PfjX � 2j > 8g.
I.4. Let X > 0 be random variable with E[X ] = 2 and Var [X ] = 1.
Using Markov and/or Chebyshev's inequalities �nd lower and/or upper
bounds for PfX > 6g and PfjX � 1j > 5g.
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Exercises Markov and Chebyshev's Inequalities

Exercises - Markov and Chebyshev's Inequalities

I.5. A random variable X > 0 has E[X ] = 2 and Var [X ] = 3. Using
Markov and/or Chebyshev's inequalities what can you say about PfX >

8g and PfjX � 2j > 4g?
I.6. The probability to get the head on a biased coin is 0:3. We toss this
coin 300 times. Find an upper bound for the probability that we get the
head at least 100 times.
I.7. The probability to get the head on a biased coin is 0:2. We toss this
coin n times. Find an upper bound for the probability that we get the
head at least 50% times.
I.8. Two biased coins have the probabilities of the tail occurrence 0:25
and 0:8, respectively. The coins are 25 times �ipped. Using Markov and
Chebyshev inequalities �nd upper bounds for the probability that we
get two tails at least 10 times.
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Exercises Markov and Chebyshev's Inequalities

Exercises - Markov and Chebyshev's Inequalities

I.9. We roll two dice 36 times. Using Markov and Chebyshev inequalities
�nd upper bounds for the probability that we get two a product which
is a prime number at least 10 times.
I.10. Two biased coins are �ipped 32 times. The probability of getting
a tail is 1=3 for the �rst coin and 3=4 for the second. Using Markov and
Chebyshev inequalities �nd upper bounds for the probability that we
get tail on both coins at least 12 times.
I.11. We toss a fair coin n times. Let X be the number of tails we get.
Find upper bounds for

(a) PfjX � n=2j > p
ng and PfX > n=2+

p
ng;

(b) PfjX � n=2j > 5
p
ng and PfX > n=2+ 5

p
ng.

I.12. Let X be a Poisson distributed variable with cu parameter �.
Estimate the probability that X deviates from E[X ] with at least 2

p
�.
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Exercises Markov and Chebyshev's Inequalities

Exercises - Markov and Chebyshev's Inequalities

I.13*. (Borel-Cantelli lemma) Let (An)n>1 be a sequence of random

events such that
X
n>1

P(An) < +1. Prove that the probability of occur-

rence of at most k of these events is at least

1�

X
n>1

P(An)

k
:

(Hint: Use Markov's inequality for a variable which numbers the

occurring events.)
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Exercises Continuous random variables

Exercises - Continuous random variables

II.1. Let X be a continuous random variable with the following proba-
bility density function

f (t) =

®
�t ; 0 6 t 6 2
0; otherwise

(a) Find � and the (cumulative) distribution function of X .
(b) Compute the expectation and the variance of X .
II.2. The time in minutes, it takes to reboot a certain system is a
continuous variable with the probability density function

f (t) =

®
C (10� t)2; 0 < t < 10

0; otherwise

(a) Find C and the (cumulative) distribution function of X .
(b) Compute the probability that it takes between 1 and 2 minutes to

reboot that system and P(X > 1jX < 3).
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Exercises Continuous random variables

Exercises - Continuous random variables

II.3. Lifetime in years, of a certain HD is a continuous random variable
with the probability density function

f (t) =

 K � t

50
; 0 < t < 10

0; otherwise

(a) Find K and the (cumulative) distribution function of X .
(b) Compute the probability of a failure within �rst 5 years, and the

expectation of the lifetime.
II.4. Consider a continuous random variable having the following prob-
ability density function

f (t) =

®
�
p
t ; 0 < t < 1
0; otherwise

(a) Find � and the (cumulative) distribution function of X .
(b) Compute the probability P(0:3 < X < 0:6) and E[X ].
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Exercises Continuous random variables

Exercises - Continuous random variables

II.5. Consider a continuous random variable having the following (cu-
mulative) distribution function

f (t) =

 0; t < 0
t

t + 1
; t > 0

(a) Compute P(0 < X < 3), P(X > 0jX 6 2), and E[X ].
(b) Find the probability density function of X .
II.6. Which of the following functions can be probability density func-
tions? (Determine the constant � in the a�rmative case.)

f1(t) =

®
�(t2 � t); 0 6 t 6 1

0; otherwise
; f2(t) =

®
�t2; 0 6 t 6 2
0; otherwise

;

f3(t) =

®
�(t3 � 2t); �1 6 t 6 1

0; otherwise
; f4(t) =

{ �

t
; 0 < t 6 2

0; otherwise
:
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