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ADTs and functions



Algebraic Data Types (ADTs)

o ADT = Algebraic Data Type
e An ADT is a data type formed using other types
® Simplest case — an enumerated type:

inductive Season where
| Winter
| Spring
| Summer
| Fall

open Season

#check Winter

e A type with exactly four possible values

® Each value has its own constructor
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Inference rules

Inference rules are rule schemes:
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Inference rules

Inference rules are rule schemes:

L - T
name
C
Example — natural numbers:
. n €N
zero ———— succ
OeN SneN

® |nference rules can be used to define infinite sets

® We will use them to define the syntax and the semantics of
programming languages
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A type for naturals

Syntax of natural numbers:

n €N
zero

0OeN SneNSUCC
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A type for naturals

Syntax of natural numbers:

" ero neN
OeN SneN

succ

In Lean 4:

inductive nat where
| 0O : nat
| S : nat -> nat

#print nat

® The first constructor takes no arguments
® The second constructor takes an argument

® There is an infinite number of elements of this type
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Derivations

Definition:
n €N
zero

0OeN SneN

succ
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Derivations

Definition:
—_ zero neN succ
OeN SneN
A derivation for S (SO) € N:
SO eN suce

S(SO) €N
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Derivations

Definition:
— zero el succ
OeN SneN
A derivation for S (SO) € N:
zero
SO eN suce
S(S0O)eN

In Lean 4 (0.S.S is dot notation for S (S 0)):

open nat

#check S (S 0)
#check 0.S.S
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Functions over naturals

Recall the syntax:

" ero neN
OecN SneN

succ

Addition, defined by recursion on the first argument:

O+n=n Sm+n=S5(m+n)
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Functions over naturals

Recall the syntax:

" ero neN
OecN SneN

succ

Addition, defined by recursion on the first argument:
O+n=n Sm+n=S5(m+n)

In Lean 4:

def plus (m : nat) (n : nat) : nat :=
match m with
| O =>n
| Sm' =>8S (plus m' n)
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Evaluation

#eval plus (S 0) (S (S 0))

Reading 0 as 0, S 0as 1, S (S 0) as 2, this evaluatesto S (S (S
0)),ie 14+2=23.
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Proofs



Proof by simplification (demo)

-— proof by simplification
theorem zero_plus_m_is_m :
forall m,
plus Om=m :=
by
intro m
simp [plus]
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Proof by rewriting (demo)

-- proof by rewriting
theorem plus_zero_eq :
forall m n,
m=n —->
plus O m = plus O n :=
by
intromn H
rwv [H]
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Proof by case analysis (demo)

-- proof by case analysts
theorem plus_with_SO0_is_not_0 :

forall k,

plus k (8 0) # 0 :=

by

intro k

cases k with

| O => simp [plus]

| S k' => simp [plus]
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Induction principles

Recall the inductive definition for N:

" ero nelN
X< SneN

succ

What is a proof by induction here? To prove P(n) for n € N and a

property P, it suffices that:
® P(O) holds — corresponds to zero;

® P(n) implies P(Sn) — corresponds to succ.
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The induction principle for N

For naturals defined as above, there is a corresponding induction
principle:

VP. (P(O) A (Yn.P(n) — P(Sn))) = ¥Yn.P(n)

Proofs by induction are based on induction principles like this one.
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Induction principles in Lean 4

® |n Lean 4, induction principles are generated automatically
® When nat is processed, Lean 4 generates nat.rec:
#check Onat.rec

-- nat.rec : {motive : mat -> Sort u_1} ->
-= motive nat.0 ->

- ((n : nat) -> motive mn -> motive (nat.S n)) ->
-- (t : mat) -> motive t
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Proofs by induction: example 1

Lemma: P=Vn.n+ 0O =n.
Recall:

O +n =n (base) Sm+n=2S(m+n) (ind)

Proof by induction on n:
1. case P(O): O+ O = O, by (base).
2. case n = Sn':
® induction hypothesis (IH): P(n/) : n’ + O = n’

o prove P(Sn'): Sn'+0 = S +0) 2 Sn
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Proof by induction: example 1, in Lean 4

theorem plus_n_0_is_n:
forall n,
plus n 0 = n :=
by
intro n
induction n with
| O => simp [plus]
| Sn' IH => simp [plus]
rw [IH]
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Proof by induction: associativity

theorem plus_is_assoc:
forall a b c,
plus (plus a b) ¢ = plus a (plus b c) :=
by intro a
induction a with
| O => simp [plus]
| S a' IHa => intro b ¢
simp [plus]
rw [IHa]

ADTs, Functions, Induction



Proof by induction: commutativity

theorem plus_is_comm:
forall m n,
plus mn = plus nm :=
by
intro m
induction m with
| 0 => intro n
simp [plus]
rv [plus_n_0_is_n]
| Sm' IH => intro n
induction n with
| 0 => simp [plus]
rw [plus_n_0_is_n]
| Sn' IH' => simp [plus]
rw [<- IH']
simp [plus]
rw [IH]
simp [plus]
rw [IH]
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Where do we need ADTs?



Example: ASTs

e AST = Abstract Syntax Tree

® An AST is a tree-like representation of the structure of a
program

e “Abstract”: not every detail of the program text is present in the
AST

e Compilers use ASTs as their main data structure
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Example: arithmetic expressions

AST for 2 + (44 6):

+ plus
/' \ / \
2 o+ ==> 2 plus
/ \ / \
4 6 4 6

inductive Exp where
| number : Nat -> Exp
| plus : Exp -> Exp -> Exp

instance : Coe Nat Exp where
coe n := Exp.number n

instance : 0OfNat Exp n where
ofNat Exp.number n

#check Exp.plus 2 3
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Conclusions



Conclusions

Intensively used concepts:
1. inductive definitions
2. induction principles
3. functions
4. proofs
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