Seminar 8
1. A Column Generation approach for graph coloring (A. Mehrotra, M. A. Trick)

An ILP model

Let G = (V, E) be a graph with n vertices and m edges. A p-coloring is a function ¢ : V' —
{1,2,...,p} such ¢(u) # ¢(v) for any edge uv € E. A coloring class with respect to a coloring c is
¢ 1(i) for a color i; the coloring classes are stable sets.

The minimum graph coloring problem (CP) : find the minimum p such that G has a p-coloring.

Let S be the set of all maximal stable sets of G; CP can be formulated like follows (see [6])

min Z Ts
SeS
(CP)} s. t. Z g =1,YueV,
SeSues
rs € {0, 1},V5 S

The relaxation of (CP) is

min Z:L’S
SeS
(CPr)< s. t. Z g = 1,YueV,
SeSues
rg =0,¥VS€S.

(Remark that for an optimal solution of (CPr) zg < 1, for any S € S.)
The corresponding dual is

max Z Y

ueV
(CPA) 4 s t. > yu <LVSES,

uesS
Yy =20,YueV.

The subproblem

A new variable xg corresponding to a stable set S has a negative reduced cost if and only if for
this stable set the corresponding constrained from the dual is violated:

Z Yu > 1.
uesS

Therefore, the subproblem is

max E YuZu

ueV
(SubPr) s. t.  zyt+ 2z, <1,Vuv e F,

zw €1{0,1},Yu eV,

where (yy)uey is an optimal solution to (CPd), provided that this maximum is > 1. This problem
is the Maximum Weighted Stable Set (MWSS) and can be solved using an ILP solver or by using
an algorithm like those given in [3].



Branch & Price algorithm

Initially, we can use a small family of maximal stable subsets (at least one for each vertex in
the graph). We can add also the coloring classes of a coloring obtained by greedy algorithm - thus
providing an upper bound for the chromatic number.

Let S8’ be the set of all maximal stable sets used for defining the problem in the current node of
the Branch & Bound tree after this problem was solved to optimality using Column Generation (see
[1], [5]). The corresponding restricted master problem (RMP) is

min Z Ts
Ses’
(RMP) ] s. t. Z rs = 1L,Yuey,
SeS’ues
s =>0,vSeS.

Suppose that the optimal solution to this problem is fractional: let zg, € (0,1) and u € Si, since

Z rs > 1,

SeS’ ues

there exists another stable set Sy # Sj, u € S and we can choose a vertex v € Sy \ S1.The
branching rule is:

e in one (the left) child of the current node u and v will have the same color (It’s like we contract
the pair (u,v)) and

e in the other (the right) child u and v will have different colors (It’s like we add an edge between
u and v).

By using this branching rule we must enforce the following changes of S’:

e in one (left) child of the current node we keep from S’ only the stable sets containing both u
and v ore none of them and

e in the other (right) child we must remove from S’ the stable sets containing both u and wv.

Let Same be the set of pairs of vertices which must have the same colors and Dif ferent be the
set of pairs of vertices which must have different colors, respectively in a given node of the Branch
& Bound tree (initially, these sets are empty), then the subproblem must be changed like follows:

max Z YuZu
ueV
, s. t.  zyt+ 2z, <1,VuweF,
(SubPr’) zy — 2y = 0,Y(u,v) € Same,
zu + 20 < 1,Y(u,v) € Dif ferent,
zy €4{0,1},Vu e V.

2. Multiple-Depot Vehicle Scheduling Problem
We introduce an heuristic for the Multiple-Depot Vehicle Scheduling Problem (MDVSP) based
on the interpretation of graph theoretic properties of a fractional solution.
Keywords: MDVSP, linear programming, cutting plane heuristic, relaxation.



LP model and heuristic

We use the classical model of [2]:

m+n—1m+n—1

(1) man Z Z Cij xij
=0 =0

m+n—1

(2) Z Tij = Tj,0<j<m+n—1
=0
m+n—1

(3) > my o= r0<i<m4n—1
7=0

(4) Y @y < |E(D)|-1,DeD
ij€E(D)

(5) Tij € Z+,0<z’,j<m+n—1

where D is the set of the (inclusionwise minimal) infeasible paths, that is the paths connecting two
different depots. We relax this integer problem by replacing integrality constraints with

(5") z; = 0,0<i,j<m+n—-1

The set D is very large, even for small number of depots and an exact solution to problem -
, can be obtained by using enumerative techniques. Our heuristic consist in replacing D by
a smaller set of infeasible subtours (paths that links two different depots) by adding one by one
constraints of type and reoptimizing until the new problem has the same optimum as - ,
E).

Thus, at a certain step during the algorithm we have a particular set of infeasible subtours D’
and is replaced in the current problem by

(47) Z Tij < |E(D)‘—1,D€D/
ijeB(D)
Consider, x* = (ZE;-kj), a solution to problem - , , , and define a weight on the edges

of the underlying digraph: a;; =1 — 27, for all arcs 4j. is equivalent with

(47) a(D)>1,DeD

since

Yy <|ED) -1 > (l-zy)>21e Y ay>1¥DeD.
ijeE(D) ijEE(D) ijeE(D)
Hence, x* is an optimum solution to - , if and only if the underlying digraph doesn’t
contain paths between different depots of subunitary weight. We will test this by using algorithms
like Floyd-Warshall or Bellman-Ford-Moore.

Hence the first step in our heuristic is to relax the problem - , to - , ,

for a certain known set of infeasible paths D’ such that the two problems have the same optimum.
The process of building problem - , is given below.



D' + @
solve problem - , and let x* be an optimum solution;
while (there exists a path D with a(D) < 1) do
add D to D;

solve problem - , and let x* be an optimum solution;
end while
return x*.

The aim of the above procedure is to build a problem that has a larger (but known) set of

feasible solutions but the same optimum with - ,

Building a feasible solution

The next step is to solve the problem - , , which is an integer linear programming
problem. A solution to this problem may not be feasible for - , thus a process of clearing the
infeasible tours follows.

We describe now the heuristic for transforming the infeasible paths associated to an optimal
solution x* of problem - , , .

First we define an auxiliary digraph H = (W, A), where W is the set of depots and ij € A if and
only if there is an infeasible subtour between the depots ¢ and j; we add also a weight on this arc
w;; which represents the number of such subtours. By inspecting x* we extract the infeasible tours
and memorize them, build H and the weight w. Than, each infeasible path (described by its arcs):

itl? t1t27 v 7tp—1tp7 tpja Za] € m
is replaced de by
ity tita, . . .ty 1tp, tyi

if cy,i — ct,0 < cjgy, — city or by
Jti,tite, .o tp—1tp, tpy,

otherwise.
2. Benders Decomposition

This is a technique for solving MILP. Suppose we have to solve the following MILP problem:

minimize ¢’x+qly,
subject to Ax+ By > b,
yey,
x =0,

(6)

where Y could be the set of integer solutions to another LP, e. g.
Y={yecZ} : Cy=e}.

If yq is fixed, the problem to solve becomes

T

minimize c¢*x,
(7) subject to Ax > b — Byy,
x > 0.



Problem @ is equivalent with
(8) min |q7y + min{c’x : Ax > b — By}|.
yey x>0

The dual of the inner problem is

maximize (b — Byg)Tv,
(9) subject to  ATv <,
v >0,

this is the subproblem.
The master problem is

minimize z,
(10) subject to  some constraints ,
yey.

The Benders’ decomposition algorithm
let yo € Y an initial feasible solution;
[+ —o0;
U — 00;
while (u —1 > ¢) do
solve the subproblem:
max {a’yo+ (b—Byy)lv : ATv <c,v>0};
if (subproblem is unfeasible) then
return
end if
if (subproblem is unbounded) then
get a direction of unboundedness vg; // or an unbounded ray;
add to the master problem the cut (b — By)Tvy < 0;
else
let v be a basic optimal solution;
add to the master problem the cut z > q’y + (b — By)”vy;
u < min {u, q”'yo + (b — Byg) vo};
end if
solve the master problem;
[+ z;
end while
return vy.
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