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Consider the primal problem (c1, c2 ∈ Z) and its dual:

(P1)


max c1x1c2x2
s. t. x1 + x2 ⩽ 0

x1 − x2 ⩽ 0
x1 ⩽ 0

(D1)


max 0
s. t. y1 + y2 + y3 = c1

y1 − y2 = c2
y1, y2, y3 ⩾ 0

We have to prove that whenever (P1) is bounded, (D1) has an integral solution.
Consider c1, c2 ∈ Z such that (P1) is bounded.
Observe first that c1 + c2 ⩾ 0: otherwise taking xn1 = −n, xn2 = −n (which is a feasible solution

to (P1)) we have c1x
n
1 + c2x

n
2 = −n(c1 + c2) → ∞ when n → ∞, hence (P1) is not bounded.

Second, c1 − c2 ⩾ 0: otherwise taking xn1 = −n, xn2 = n (which is a feasible solution to (P1)) we
have c1x

n
1 + c2x

n
2 = −n(c1 − c2) → ∞ when n → ∞, hence (P1) is not bounded.

Now an integer solution to (D1) is (any feasible solution to (D1) is optimal to this problem):

� if c1 + c2 is odd, then y3 = 1, y1 = (c1 + c2 − 1)/2 ⩾ 0, and y2 = (c1 − c2 − 1)/2 ⩾ 0.

� if c1 + c2 is even, then y3 = 0, y1 = (c1 + c2)/2 ⩾ 0, and y2 = (c1 − c2)/2 ⩾ 0.
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