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Introduction

@ The most important development in Linear Optimization Theory,
since the emergence of simplex algorithm, are the

@ These methods have and most of them
have also a than those of the Simplex
method.

o The improvement in efficiency was made possible by the fact that
Simplex algorithm has an exponential time complexity (see [Klee72]),
although in most cases it behaves much more like a polynomial one.

@ A polynomial time algorithm has appeared earlier than Karmakar’s
interior point method([Karmakar84]); this was the ellipsoid method,
which had poor performances in practical implementations.
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Introduction

e Karmarkar’s algorithm has O(n3L), while the ellipsoid method has
O((mn?® + n*)L) time complexity, where n is the number of vari-
ables, m the number of constraints, and L is the length of the data.

@ A common feature of these methods is that all the intermediate
solutions are interior to the polyhedra representing the feasible re-
gion, that is the iterated solutions are strictly feasible.

e (A for the set {x € R} : Ax = b} is a point
x which satisfies Ax = b and x > 0.)

o If the simplex algorithm goes along the boundary of the feasible
region (more precisely, it moves between its extreme points), the
interior point methods iterate through points which are interior
(pay attention to the topological sense) to the feasible region.
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Introduction - Primal/Dual Interior Point Methods

e Consider the following primal LP problem in standard form (A is a
full row rank m x n matrix)

T

minimize 2z =c'x,
subject to Ax =b, (1)
x> 0.

o An iterate x* satisfies Ax* = b and x* > 0.

° computes also a dual solution, convergence is con-
sidered reached when this solution is feasible and the duality gap is
(almost) zero.
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Introduction - Primal/Dual Interior Point Methods

e Now consider the dual problem converted to standard form (s are
the slack variables)

maximize w =bTy,
subject to ATy +s=c, (2)
s > 0.

e An iterate (y’“, sk) satisfies ATy* + ¥ =c and s* > 0.

° computes also a primal solution, convergence is con-
sidered reached when this solution is primal feasible and the duality
gap is (almost) zero.
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Introduction - Primal/Dual Interior Point Methods

° methods attempt to solve the primal and dual prob-
lems in the same time; x* and (yk, s’“) satisfies exactly the equations
of primal and dual problems, respectively, and the non-negativity
constraints on x* and s* are strictly satisfied.

@ Such a primal-dual method ends when the duality gap is zero (to
within a certain tolerance).

e If x and (y,s) are feasible for the primal and dual problems, respec-
tively, then the duality gap is

cTx —bTy =xT(c— ATy) =xTs.
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Introduction - Primal/Dual Interior Point Methods

@ Let X be a feasible solution to the primal problem and (¥,5) be a
feasible solution to the dual problem. These two solutions are be
optimal if and only if

tl5=0e17,; 5, =0,Vi=1,n.

o The iterate through a sequence of strictly fea-
sible primal and dual solutions, in each step trying to "reduce" the
duality gap, i.e., coming closer to satisfy the slackness conditions.

e At iteration k, the algorithm computes x*(ur), y*(1r), s*(1r), such

that, for a certain ux > 0 (which decreases with k),

AxF = b,
ATyk 45k =, 3
zFsk = pp,i=1n )
x*,s% >0
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The Algebra of Primal-Dual Interior Point Methods

e Note that u > 0 forces x* > 0 and s* > 0; on the other hand the
duality gap becomes

cTxkiopTyhe (xk)Tsk = nlg.

@ The algorithm moves through a sequence of primal and dual feasible
solutions while decreasing the duality gap.

o If the duality gap were zero, the pair of solutions would be optimal;
the stopping condition rely on the size of the duality gap.
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The Algebra of Primal-Dual Interior Point Methods

e We will use the following notations: 1 = (1,1,...,1)T € R". X =
diag(x) is the diagonal matrix having the elements of x on its diag-
onal, and, in the same way, we define S = diag(s) (x = X-1,8 = S-1,
and XS = diag(z151, T252, . - ., TnSn)).

@ The equations related to complementary slackness may be written
as

XS1 = ul.

@ In each iteration the primal-dual algorithm aims to solve the equa-
tions (3), although a solution to this system of equations is just
approximated.
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The Algebra of Primal-Dual Interior Point Methods

@ Suppose that we have xF s > 0, and y* satisfying Ax* = b and
ATyk 4 s = ¢, but xj s] # Wg, we shall find new iterates which

are closer to satisfying these conditions.

@ The new iterates have the form
KFHL = P Ak gRHL gk 4 Ak gRtl L gk Ak
@ The new solutions must be feasible, so
AAxF =0, ATAy* + Ask = 0.
@ The complementary slackness equations require that

(:z:jk + A:z:jk)(sf + As]’-“) = WUk, Or

kA:z: +:z:kAs +A:z:kAs =Ur—2z Vj
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The Algebra of Primal-Dual Interior Point Methods

e Usually, the differences Ax”* and As® are small, therefore the terms
AzlFAsk are even smaller. If we ignore them, we get

kak Eak o kok
sjA:z:j+a:jAsj—pk ;85

@ This is the Newton method for linearizing a nonlinear system of
equations. Ax, Ay, and As are the

@ At each iteration we solve the following system of linear equations
SAx + XAs = pul — XS1,

AAx 0, (4)
ATAy +As = 0.
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The Algebra of Primal-Dual Interior Point Methods

e From the last equation we get As = —A T Ay; the first equation can
be rewritten as

SAx — XATAy = p1 — XS1, or

“ASTIXATAy = AS7Y(u1 — XS1).
o Let Dy = S, "Xy, v() = pul — X3Si1. The solution to the system

(4) is
Ay* = —(ADLAT)-'AS, tu(w),
Ask = —ATAyy, (5)
Ax* = S;'u(ui) — DiAsy.
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The Algebra of Primal-Dual Interior Point Methods

@ The algorithm has the following simple description: repeat: given
x* > 0,y*, and s* > 0, compute the Newton directions using (5),
update the new iterates

xFtl — ¢k 4 Axk,ka = yk + Ayk, shtl = g% 4+ AsF, (6)

and decrease g to pr1.

o If we choose uy1 = Buy, where 6 € (0,1), and @ is closer enough
to 1, then the new iterates will be also strictly feasible.

o It was proved that, in order to achieve strict feasibility in each
step, (and, also, the polynomial time complexity of the algorithm:
O(+/nL) iterations), we must have § ~ 1 —3.5//n.
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The Algebra of Primal-Dual Interior Point Methods

o In practical implementations, x must be decreased more dramat-
ically. However this can have the unwanted effect that the new
iterates are not strictly feasible.

e The updating rules (6) are changed to
"t =xF +anxk y* 1 = yF 4 anyF P =58 ranst, (7)

where the step length, a, is chosen such that the new iterates are
strictly feasible.

o Compute first, the distance to the boundary, that is, the largest o
which insures

:z:i’c +alAzk sk + ozAsZC >0,2=1,n.

[ et
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The Algebra of Primal-Dual Interior Point Methods

o The distance to the boundary is
Omaz = min {az, s}, where

oy = min{-zF/AzF : AzF < 0},a; = min{-sF/AsF : AsF <0},

@ The step length, o, used in updating the new iterates is a fraction
of amaz, S2Y
o = 0.99999a 1,45 -

Olariu E. Florentin Operations Research - Lecture 9 December 4, 2025 16 / 37



The Primal-Dual Interior Point Algorithm

Let x° > 0,y% 5% > 0 be strictly feasible initial estimates of primal, dual,
and dual slack variables, &k = 0, uo > 0.

If (x’“)T .s%| < 107P, then stop, we have an esti-
mate of an optimal pair of solutions.

Compute the Newton distances using the system
of equations (5); compute a. k + +.

Update the new iterates x*, y*,s* using (7) and go to
the gap test.
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The Primal-Dual Interior Point Algorithm - Example

@ Consider the following LP problem
minimize 2= —2 — 2%
subject to —2z; + 2z, < 2
-2 + 22 < 7
T1+2z, < 3
Ty, o2 2 0

o We convert this problem to the standard form

minimize 2 =—11 — 2%
subject to 2z + >+ 23 = 2
—T 4+ 2zt =7 (8)
1+ 2+ 25 = 3

$1,$2,...,$5>0
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The Primal-Dual Interior Point Algorithm - Example

@ The dual of problem (8) is

maximize w =2y + 7Y + 3y3

subject to —2y; —yo+y3 < -1
Y1+2y2+2ys < —2
y <0
P < 0
y3 <0
o In standard form the dual is
maximize w =2y + Ty + 3y3
subject to -2y — Y+ yYs+s1 = -1
y1+2y2+2ys +52 = —2
Y1 +S3 = 0 (9)
Y2+8 = O
Y3 + S5 0
51,82,...,385 2 0
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The Primal-Dual Interior Point Algorithm - Example

@ An initial pair of strictly feasible solutions to problems (8) and (9)
is
x%=(0.505 25 6.5 1.5)7,

yVo=(-1 -1 -5)T %=(111115)T7.

o We also have

05 0 0 0 O 1.0 0 00
0 05 00 0 0 110 0 0
Xo = 0O 0 25 0 0 [,S=]|0 0 100
0 0 0 65 0 00 0 10
0 0 0 0 15 0.0 0 0 5
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The Primal-Dual Interior Point Algorithm - Example

o Let uo = 10. At first iteration we get

1/Dperat@ns Rese@ch (@ 0 9.5

0 1/22 0 0 0 45

Dg = {0/ 00 5f2 0 0 |, v(p)=| 75
0O 0 0 13/2 0 35

0 Operat@ns Rese@ch ~ (QeratioBy/49 2.5

45455  1.0909  —0.9091
ADGAT = | 1.0909 7.1818 —0.3182 |,
—0.9091 —0.3182  0.9818

0.2767  —0.0311 0.2461
(ADGAT)"! = | —0.0311 0.1448 0.1081
0.2461  0.1081 1.2523
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The Primal-Dual Interior Point Algorithm - Example

@ The Newton directions are

3.7885 11.4231
—0.5356 20.7843 0.2450
Ax = | 81126 |,As®=| —02450 | ,Ay°=| 0.2092
4.8598 —0.2092 —10.7239
—2.7172 10.7239

o We compute the distance to the boundary

il 9
Otz = 0.552 (as Qe _T:;O = 0.552 and o, = —A—ZO = 4.0812> .
5 3

@ a =0.99999 - an,, = 0.552.
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The Primal-Dual Interior Point Algorithm - Example

@ The new iterates are

2.5914 7.3060

0.2043 22.4738 —0.8647
x*=| 69785 |,s'=| 08647 |,y'=| —0.8845

9.1828 0.8845 ~10.9200

—0.0000 10.9200

e With these values, the duality gap is (x') T'. s = 37.6812, and the
complementary slackness conditions have the residual (x') gl -
nu = —12.3188.

@ We choose 8§ = 0.1.
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The Primal-Dual Interior Point Algorithm - Example

o After some more iterations the situation becomes

k po (xF) T ¢ _np (xk)T - gk
1| 10! —1x 10t 4 x 10t
2| 10° —4 % 10° 1 x10°
31071 —2 %1071 1x1071
4102 —2x 1072 1x1072
51073 —3x1073 1x1073
6|10 —2x107* 1x107%
7110°% —3x107° 1x 1075
81076 —2x 1078 1x107°
91077 —-3x10°7 1x10°7
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The Primal-Dual Interior Point Algorithm - Example

@ The current iterates are

2.1794 5x 108
0.4103 1x10°7 -2 x 10712
=1 509486 |,s°=|2x1012 | ,y°=| —4x10°°
8.3588 4x10°° —1.0000
2x 108 1.0000
@ The objective values are z = cTxg = —3.0000 = bTyg =w.

e The true solution to dual problem is s, = (00001)7,y, = (00—-1)T.

@ All the points on the line segment between x' = (0 1.5 0.5 4 0)T
and x2 = (30810 0)7 are optimal solutions to the primal problem.
One of these points is

X, = (2.1794 0.4103 5.9486 8.3588 0)7
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Finding Initial Strictly Feasible Solutions

@ The above algorithm has, in the initial iteration, a pair of strictly
feasible solutions for the primal and dual problems. That is

Ax =b,ATy +s=c, withx > 0,5 > 0.

o It may be difficult to find such solutions, therefore it is useful to
accommodate the primal-dual algorithm so that initial infeasible
solutions can be used.

@ Suppose we have x,s > 0 and y. We try to find new iterates
A(x+Ax) = b, AT(y+AY)+(s+As) = ¢, (z,4-Az;) (5, 4+A8;) = p, Vi.

@ Again, if we ignore the terms (Az;As;), then these equations be-

come
SAx+ XAs = pl—XS1=1u(u),

AAx = b—-Ax=pp,
ATAy+As = c—ATy—s=pp.
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Finding Initial Strictly Feasible Solutions

@ Where pp is the residual for the primal constraints Ax = b, and pp
is the residual to the dual constraints ATy 4+ s =c.

o Finally, after a similar analysis, we get the following system of linear
equations which gives us the Newton directions:

Ayy = —(ADzAT)™! [AS; v(uk) — ADrpl — pf],
Asy = —ATAyg +pb, (10)
Ax, = S;lv(,uk) — DrAsg.

o Therefore, in the step of the primal-dual algorithm we must replace
(5) by (10).

o However with this modification the method may fail to converge if
the primal or dual problem has not feasible solutions.
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The Predictor-Corrector Algorithm

@ The already described primal-dual algorithm computes the Newton
directions under the assumption that Ax and As have both small
norms.

o These assumptions are not always true, especially when the current
iterates are far from the optimal ones.

o If we keep the second terms in our equations we get the following
system
SAx 4+ XAs = pl —XS1-— AXASI,
AAx = b-Ax, (11)
ATAy+As = c— ATy —s5,

where AX = diag(Az;) and AS = diag(As;)
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The Predictor-Corrector Algorithm

@ The system (11) is solved in two steps: a step and a
one.

@ In the predictor step we get a prediction for Ax, As, and a prediction
for w.

o In the corrector step the predicted values are used to find a solution
to the system (11).
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The Predictor-Corrector Algorithm

@ The predictor step attempts to solve the system

SAx 4+ XAs = —X81,
AAx = b- Ax, (12)
ATAy+As = c—ATy —s5,

which is the former system from where the term (ul — AXASI)
vanished.

o After solving this system we get AX and A§, and, from here, X and
s, which are used for updating u = x7%.

o In the corrector step we will solve
SAx + XAs = Ll-— XS1-— AXASI,

AAx b — Ax, (13)
ATAy+As = c— ATy —s5,

and find the desired Newton directions Ax, Ay, and As.
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The Predictor Step
o From the third equation in (12) we get As = —ATAy +c— ATy —s,
and from the first and the second equations
b—Ax=—-AST'XATAy — AS7lc+

+AS ATy — AS 1XS1.
e From here we can obtain (with D = S71X):
Ay = (ADAT) ! [Ax —b— AS 'ct+
+AST'ATy — AST'XS1],
As=—ATAy +c— ATy —s, (14)

Ax = —S X AsXS1.
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The Predictor Step

o This was the predictor step.

@ From here we can compute

sitesearch  y@parayipiR,
¢ = sF+ A
AX; = diag(AZ*), (15)
ASy = diag(AsY),
i = (2%)7s
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The Corrector Step

o After the predictions were made the system for the corrector step,
(13), becomes

SAx + XAs = 4l— XS1— AXASI,
AAx b — Ax,
ATAy+As = c— ATy —s,

o We get from the third equation As =c¢ — ATy —s — ATAy. Then,
from the first equation, we obtain

SAx +Xc — XATy — Xs — XATAy = il — XS1 — AXASL.

e Multiplying this equation by AS~! and using the second equation,
we get

b— Ax+ AS7!Xc — AS7TIXATy ~ AS7IXs — ASTIXATAy =

= AS 141 — AS1XS1 — AS 'AXASL.
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The Corrector Step

e If D=S71X, then
Ay = (ADAT) (b — Ax + AS Xc) —y—

—(ADAT)"}(AS™!f1 — AS'XS1 — AS"TAXASI)

e Or
Ay = (ADAT) (b — Ax) — y—

AT HXTIEL - 81 ¢ = XLAXAS1) =
= (ADAT) (b — Ax)+
+(AT) [S14+c— X7 (Bl - AXASL)| —y
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The Corrector Step

@ The corrector step gives us

Ay* (ADzAT) (b — Axy) — yF+
(AT) 1Skt 4 c = X (A — AXeASy) 1],
AsKeaz:  Operdihyfiseast —ATAYH,

Ax* = 87 (Br — AXkASy) 1 — DSkl — DpAsk.

+

(16)
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The Algorithm

Let x > 0,y% 5% > 0 be strictly feasible initial estimates of primal, dual,
and dual slack variables, & = 0, ug > 0

If (| (x’“)Tsk] < 10°7), then stop, we have an
estimate of an optimal pair of solutions.

Compute the the predictions of A}A(k, Agk,
and ug, using (14) and (15).
Compute the Newton directions using (16);

compute a. k& + +.

k

Update the new iterates x*, y*, s* using (7) and go to

the gap test.
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