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o Let us consider again the ILP, MILP, and BILP problems

maximize 2z =c’x,
subject to Ax b, (1)
x €.
maximize z =c7'x,
subject to Ax < b, (2)

7, € Z.,Vi € T.

where @ #Z C {1,2,...,n}.

T

maximize 2z =c"Xx,
subject to Ax < b, (3)
x € {0,1}".




Linear Programming Relaxation

o Any ILP problem admits a
ing the integrality requirements on x.

e Problems (1) and (2) have the same relaxation:

maximize 2z =c7Tx,

subject to Ax <D,
x € RY.

@ Problem (3) has a specific relaxation:

maximize 2z =cTx,

subject to Ax < b,
x € [0,1]™
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Linear Programming Relaxation

o Linear relaxations of ILP problems usually have greater objective
function value because the feasible region of such a relaxation con-
tains the feasible region of the ILP problem.

o If for solving the relaxation we already have theoretical tools such
as Simplex algorithm, ILP problems are much harder to solve.

@ An optimal solution of the relaxation might not be a feasible solu-
tion to the ILP original problem, due to the integrality restrictions.

@ There are situations when rounding an optimal solution for the
relaxation can give an optimal/sub-optimal solution to the original
ILP problem.

Olariu E. Florentin Operations Research - Lecture 7 November 10, 2025 5/ 45



Linear Programming Relaxation

o For the sake of simplicity of our exposition we will analyze only
the MILP problem in the following form

maximize 2z =cTx+hTy,
subject to Ax+ Gy < b, (6)
x €L,y €RE.

@ Or, equivalently,

(MILP) max{cTx+hTy : (x,y) € P}, (")
where

P={(x,y) € Z} xRE : Ax+ Gy < b}
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Linear Programming Relaxation

e The of the set P is
R ={(x,y) € Riﬂ’ : Ax+ Gy < b}
@ The of problem (7) is
(LP) max{cTx+h"y : (x,y) € R}, (8)

e We will assume throughout this section that problem (7) has finite
optimum. Let (x*,y*) be an optimal solution and z. be the optimal
value of this problem.

@ The assumption from above implies that problem (8) has an optimal
rational solution (x°,y°) with optimal value z.

@ This result comes without a proof and is based on the rationality
of the input data (why?). An optimal solution is in fact always a
rational one (why?).

Olariu E. Florentin Operations Research - Lecture 7 November 10, 2025 7/ 45



Linear Programming Relaxation

e Suppose that (x%,7°) and 2 can be obtained by using an LP solver
(using for example the simplex algorithm).

e Since P C R, we must have z2* < 2. If x° € Z", then (x°,y%) € P
and therefore z, = 2 - in this case problem (6) is solved.

e What happens when x° ¢ Z™, that is, at least a component of x° is
fractional? The possible answers give different strategies for solving
problem (6).

o We will describe two distinct strategies: the
and the
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Branch-and-Bound Method

o Suppose that z ¢ 7, then we define
PL=Pn{(x,y) € ZT xRY : z; < |20},
Py =Pn{(x,y) € 2} xR} : ;> [¢]]}.

o Obviously, P =P; UPyand P1 NPy = &.

o Consider two new MILP problems
(MILP;) max{cTx+hTy : (x,5) € P1}, (9)

(MILP,) max{cTx+hTy : (x,5) € P:}. (10)

e The optimal solution of (6) is the best among the optimal solutions
of (9) and (10). The idea of branching comes here: by solving the
two new sub-problems we will solve the original problem.
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Branch-and-Bound Method

@ Let the natural linear relaxations of P; and P; be
Ri=R0{(xy) € RY'P @ z; < |2f]},
Ra=RN{(xy) ERL? : g > [},

@ The natural relaxation corresponding problems are
(LP;) max{cTx+hTy : (x,7) € R1}, (11)

(LP;) max{c"x+hTy : (x,7) € R} (12)

o Concerning each of these two sub-problems we have two possible
situations.
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Branch-and-Bound Method

1. Obviously, if R, = @ (that is, problem (LP;) is infeasible), then
P; = @ and (MILP;) is also infeasible. We say that this problem is
or

2. Otherwise, let (x*,7*) be an optimal solution of (LP;) and z; be its
optimal value.
2.1 Ifx* € Z", then (x%,y') is an optimal solution of (MILP;) and z; < z.
We say that (MILP;) is or
2.2 1f x* ¢ Z", and z; is smaller (or equal) than the best lower bound of
Z, then (LP,) doesn’t have a better solution than the best current
solution and the problem is or
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Branch-and-Bound Method

2.3 If x* ¢ 7™, and z; is greater than the best lower bound of z,, then
(MILP;) can contain an optimal solution of (MILP). Let z} a non-
integral component of x*. We define the polyhedra

Pil = Pi N {(X’ Y) € Rn+p - Th < L:EiH})

Pz =Pin{(x,y) € R™? : a3 > [z}]}.

We build two new sub-problems (MILP;;) and (MILP;5); after that
we iterate the process.
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Branch-and-Bound Method - Example

@ Consider the following ILP problem and its LP relaxation

max 2 =17z + 122

~ 17z 4 12
s.t. 10z 47z < 40 P& urch  Opeihiions Rescafthe

s.t. 10z + Tz < 40

P 2 < b5 (R
o 2 0 T,z > 0
-'E]_,Q;QGZ 1,42 =

e An optimal solution to the natural LP relaxation, (R), is x =
(z1,22)=(1.67,3.33) T, and the optimal value is z = 205/3 ~ 68.33.

o By branching on variable z; we create two new ILP sub-problems
(Py) and (P»), those relaxations are (R;) and (R»), respectively.
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Branch-and-Bound Method - Example

max 2z =17z + 12 max 2z = 17z + 12z
s. t. 10z + 7z < 40 s. t. 10z14+ 7z < 40
(Ry) T +23 < 5 (R2) T +22 < 5
< 1 Tz 2
I, T2 2 0 T1, T2 2 0

e The problem (R;) has the optimal solution x = (1,3)7, and the
optimal value z = 65; this problem is pruned by integrality.

@ z = 65 becomes the new best lower bound for the optimal value
of original problem (P) and the current best solution becomes x =
(1,3)7T.

@ The problem (R») has the optimal solution x = (2,2.86)7, and
optimal value z = 68.29; this solution is not feasible for the ILP
problem (Px).
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Branch-and-Bound Method - Example

r1 = 1.67,22 = 3.33

(R) z = 68.33
- - —— %= — -
| x1 =120 =4 | T =220 =2.86
|
WAy _z=6 ! (Fy) == 6829

Figure: The enumeration tree after solving (R:)

@ Since the optimal value of problem (R:) is better than the current
best optimal value of an integer solution, we create two new sub-
problems (P3) and (P,), by branching on the variable z: one with
the additional constraint z» < 2, the other with z» > 3.
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Branch-and-Bound Method - Example

40

max 2z =17z + 122
s. t. 10z + Tz
(R3) ot 20
T
o)
I, T2

WV AN AN

max 2z =17z + 12z

s. t. 10z + Tz
1 + 215

T

&)

T, T2

WV AV AWV A A

40

O W N ot

e The problem (R3) has the optimal solution x = (2.6,2)7, and the
optimal value z = 68.2; this solution is not feasible for the ILP

problem (Ps3).

e The problem (R4) has not feasible solutions therefore is pruned by

infeasibility.
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Branch-and-Bound Method - Example

z1=2,72 =286

(Rp) #=6829

x1 = 2.6,x0 =2

(Rg) =682

Figure: The enumeration tree after solving (Ra)

e Since the optimal value of problem (R3) is better than the current
best optimal value of an integer solution, we create two new sub-
problems (Ps) and (Ps), by branching on the variable z;: one with
the additional constraint z; < 2, the other with z; > 3.
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Branch-and-Bound Method - Example

40

max 2z = 17z + 12
s. t. 10z 4+ Tz,
(Rs) 1 + 22
I
T2
Z1, T2

@ The problem (Rs) has the optimal solution x = (2,2)7,

AVA/ANSE | BIV/ANS/AN

O N N Ot

max 2z = 17z + 12z

s. t. 10z; + Tz,
Ty + 222

2

T

I, T2

< 40
< 5
<2
> 3
> 0
and the

optimal value z = 58; this problem is pruned by integrality but
its optimal value is no better than the current best optimal value

which is 65.

@ The problem (Rg) has the optimal solution x = (3,1.43)7, and the
optimal value z = 68.14; this solution is not feasible for the ILP

problem (Pg).
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Branch-and-Bound Method - Example

x1 = 1.67,20 = 3.33

(R) »=68.33

|
Lom =l = : 1 =2,25 = 2.86
bagh _z Offrations : (F)pezei 68,29
xa <2 @y >3
,,,,,,,,,,,,,,,, ,
r1 = 26,10 = i !
) infeasible |
(Ra) #=082 ded-ch_ __ Qperatic |
1 <2 r1 >3

x1 = 3,20 = 1.43

(Rg) #=168.14

Figure: The enumeration tree after solving (Rg)

@ Since the optimal value of problem (Rg) is better than the value
of the best-so-far integer solution, we create the sub-problems (Py)
and (Pg): one with the additional constraint zp < 1, the other with
Ty 2 2.
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Branch-and-Bound Method - Example

40

max 2z =17z + 122
s. t. 10z + Tz
(Rr) ot 20
T2
I
I, T2

WV A AN N

o W = ot

max 2z =17z + 12z

s. t. 10z + Tz
1 + 215

T2

I

T, T2

WV WV AN

40

O W N ot

e The problem (R7) has the optimal solution x = (3.3,1)7, and the
optimal value z = 68.1; this solution is not feasible for the ILP

problem (P7).

e The problem (Rg) has not feasible solutions therefore is pruned by

infeasibility.
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x1 = 1.67,20 = 3.33

(R) #=6833
z1 <1 1 2>2
barcler = Lap=400s! =2, 051= 2.86
! i
Ry 2=0 : (Ry) ==6829
o <2 W
71 =26,32 =2 | |
! infeasible i
(R3) #=082 i esearch __ _Ope )
1 <2 x1 >3
,,,,,,,,,,,,,,, ,
1 Ty =2,x2 =2 1 rp =3,x2 =143
§ |
(Rs) =88 : (Rg) ==6814
z2 <1 x2 22
,,,,,,,,,,,,,,,, ,
z1=33,22=1 | i
! infeasible I
(Ry) #=681 (Rs) i

Figure: The enumeration tree after solving (Rg)




Branch-and-Bound Method - Example

e Since the optimal value of problem (R7) is better than the current
best optimal value of an integer solution, and its solution is frac-
tional, we create two new sub-problems (Pg) and (Pjp), by branch-
ing on the variable z;: one with the additional constraint z; < 3,

(Ro)

the other with z; > 4

max
s.t. 10 + Tz
1 + 22
Zo
T1
T1, T2

Olariu E. Florentin

AV | R/ ANS7AN/AN

z2=17z1 + 1219

40

o W = o

(R1o)

.

Operations Research - Lecture 7

40

max 2z =17z + 12z
s. t. 10z + 7z <
T +21; <
T <
Tz
T, T2 2

November 10, 2025

(=R .

22 /45



Branch-and-Bound Method - Example

@ The problem (Rg) has the optimal solution x = (3,1)7, and the
optimal value z = 63; this problem is pruned by integrality but
its optimal value is no better than the current best optimal value
which is 65.

e The problem (Rjo) has the optimal solution x = (4,0)7, and the
optimal value z = 68; this problem is pruned by integrality and its
optimal value is better than the current best optimal value which
is 65.

@ z = 68 becomes the new best lower bound for the optimal value
of original problem (P) and the current best solution becomes x =
(4,0)T.
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z] = 1.67,29 = 3.33

(R) #=6833

|
earch, — {Jpere ! @1 = 2,70 = 2.86
! 1
(R F=0 : (Ry) ==0829
z2 <2 z2 >3
,,,,,,,,,,,,,,, 2
z1 = 26,22 =2 { I
! infeasible I
(Rg) ==0682 (Ra) :
VW‘
,,,,,,,,,,,,,,, t
i x] =2,x0 =2 ! x] =3,xp =143
¢ I
((Rs)o 258 Opore | (Rg) ==0814
z2 <1 T2 > 2
,,,,,,,,,,,,,,,, ,
1 =33,z2=1 ) !
{ infeasible |
(Ry) ==681 (Rs) . |
z1 <3 x1 >4
777777777777777 | P TR
) Research =2 = I Lom =da = !
! I ! I
W(Ro)  Z=08 1 (Rig)  Z=08 1

Figure: The final enumeration tree.




Notes Regarding the Algorithm

@ We can observe from the above example that we have to traverse a
binary tree, having on its nodes LP problems.

o After we solve such a problem, the corresponding node becomes a
leaf (when the problem is pruned) or it expands creating two new
children.

o Usually the traversal strategy is

o We will shortly discuss the reasons for using dfs strategy in building
and traversing the enumeration tree.
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Notes Regarding the Algorithm

o Empirical knowledge shows that most integer solutions of the origi-
nal problem lie deep in the tree. The advantages for finding integer
solutions early are:

» It is better to have at least a feasible solution for the original problem
(in case that we want to abort the tree building),

» Secondly, identifying such a feasible solution may result in subsequent
nodes become leaves (because of pruning by bound).

o It is very simple to code a recursive algorithm based on the dfs
strategy.

o While building the tree, the subsequent LP problems are obtained
by adding or refining a bound on one specific variable. This leads us
to the observation that one can reuse the optimal simplex tableau
for an LP problem for solving one of its two subsequent problems.
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Branch-and-Bound Algorithm

@ The algorithm builds a tree having nodes Np, Ny, ...

e For every node N, we associate an MILP problem (P;) and its nat-
ural linear relaxation (R;).

e To the root Ny we associate the original problem (P) and its relax-
ation (R).

2; is the optimal value of (R;) (if feasible).

Z is the best-so-far lower bound for the optimal value of (P), 2.

(x*,y*) is the best-so-far feasible solution for (P).

L is a list containing the nodes that must be still be solved. Usually
L would be a stack (for a dfs strategy).
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Branch-and-Bound Algorithm

L= {‘NO]'72 = —09, (X*) y*) =d.
If £ =@, then (x*,y*) is an optimal solution.
Choose a node N; in £ and delete it from L.

If (R;) is infeasible, go to step 1. Otherwise let (x*,y*) be
an optimal solution to (R;), and 2; its optimal value.

W b= o

4, If z; < Z, go to step 1. Otherwise, if (x*,y*) is feasible to
(P) (i. e., x* € Z™), then set Z = 2 and (x*,y*) = (x,¥*), and go
to the step 1.

5. Choose sz’ ¢ Z. Create two new sub-problems (P;,) and
(P;,), by branching on the variable z;: one with the additional con-
straint z; < La:jij, the other with z; > (mﬂ. Add the corresponding
nodes N; and N;, to £, and go to the step 1.
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Cutting Plane Method

@ The cutting plane method was introduced by R. Gomory (1958).

@ The basic idea is to solve the natural linear LP relaxation of the
(pure) ILP problem. If the resulting solution is integer (that is, all
variables have integer values), then we are finished.

e Otherwise we add a constraint that cuts (eliminates) some infeasible
solutions (including the one just obtained).

@ The new constraint is constructed in such a way that it not eliminate
any feasible integer solution of the original problem.

@ The new problem is solved and the process is iterated. After adding
a number of constraints, we eventually find an optimal solution to
the ILP problem.
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Cutting Plane Method

e We consider again a (pure) ILP problem, this time in standard form,
and its natural linear relaxation:

maximize 2z =c’x,

subject to Ax =D, (13)
x>0
X EeZ".

maximize 2z =cTx,

subject to Ax =b, (14)
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A generic cutting plane algorithm

1. Solve the appropriate natural LP relaxation problem. Let
x* be an optimal solution to this problem. If the solution, x*, is an
integer vector, then stop.

2. Otherwise generate a cutting plane constraint sep-
arating x* from the feasible region (a constraint which is satisfied
by all integer solutions of the problem, but not by x*).

3. Add the cutting plane constraint to the ILP
problem and go to step 1.
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Gomory fractional cut

e Let x° be an optimal basic feasible solution to the problem (14)
with optimal value 2. Suppose also that the base corresponding to
this solution is B.

o From the optimal tableau we get the equations corresponding to
basic variables
xp + B Nxy = B!b.
e Define , = (B"*A;);, forall : € B and j € N, and b=B"1'b.
e If every basic variable z; has an integer value (that is, 20 € Z,Vi €
B), then we are finished.
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Gomory fractional cut

Otherwise, there exist an ¢ € B with z¥ ¢ Z.

The equation labeled with z; is

xi+zahjxj:bh:m})§ZZ.
jEN

e Since z; > 0,Vj € N, and |dy;| < @r;,VJ € N, we must have

o+ ) lanle <zt ) dnz = b
JEN JEN

For any solution x € Z" of problem (13) we must have

i+ > | arg |z < [Bal (15)

JEN
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Gomory fractional cut

@ The inequation (15) must be satisfied by every integer solution of
the problem (13).

o But x® doesn’t satisfy it because z° = by, and z; =0 for all j € N,
and Eh is fractional.

@ Inequation (15) is a .
o It was proved (for a pure ILP) that by systematically adding these
cuts, the finite convergence of the above method is ensured.

Olariu E. Florentin Operations Research - Lecture 7 November 10, 2025 34 /45



Gomory fractional cut

Consider the following ILP problem

min T — 22
s. t. —4z; + 61>

(P) :
1+ T
T, T2

Its natural LP relaxation is

min T — 2%
s. t. —4z; + 62

(R) .
1+ T2
I, T2
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Gomory fractional cut

Its standard form is

min T — 22

s.t. -4z 4+6z+ 23 =9
T4+ Ttz =4
T1, T2, T3, T4 > 0

(R1)

We solve (R;) using Simplex algorithm (Two Phase Method is not really
necessary here). The last tableau is

Table: Last Tableau for (Ry).

T1 T2 T3 T4 RHS
z, | 0 1 1/10 4/10 | 25/10
2z 1 0 -1/10 6/10 | 15/10
z | 0 0 3/10 2/10 | 35/10
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Gomory fractional cut

Let us consider the first equation (corresponding to a non-integer value):

2 + im + ia: asiofid
s RedBrch  OMations Rebr
The associated Gomory fractional cut is 2y < 2. We add the constraint

to our LP relaxation and get

min T — 22
s.t. —4z; +6x2+23 =9
(R2) T+t Ty =4
T+ x5 =2
T, T2, T3, %4, 25 2 0

We solve (Rz):
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Gomory fractional cut

Table: Last Tableau for (Rs).

T To I3 T4 T RHS
| 0 1 0 0 1 2
2, | 0 0 1/4 1 -5/2| 5/4
2| 10 -1/4 0 3/2 | 3/4
z |0 0 1/4 0 1/2[13/4

Let us consider the last equation (corresponding to a non-integer value):

T 12: + 3x i
Tt T2 T
The new Gomory cut is ;1 — T3 + 5 < 0, which, in terms of original

variables becomes
—3z1+ b1 < 1.
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Gomory fractional cut

We add the constraint to our LP relaxation (R») and get

min I — 21
s. 1. —4z) 4 625 + 23
T+ T2+ 24

T2+ Tx

-3z + 51 + T5

1, T2, T3, T4, T5, Tp

Il
o N b ©

Vol

Solve (R3) and find a feasible integer solution z; = 1,z = 2, which
must be an optimal feasible (integer) solution for our original problem:
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Table: Last Tableau for (R3).

Ty Ty T3 Ta T5 T RHS
3| 0 0 1 0 2/3 -4/3| 1
[0 0 0 1 -8/3 1/3] 1
|1 0 0 0 5/3 -1/3| 1
|0 1 0 O 1 0 2
z|0 0 0 o0 1/3 1/3] 3
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