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Naive motivation

@ Consider the following canonical form LP problem

minimize 2 =4z + 1o+ 33
subject to  — 2z + 23 > 2
2o+t 23 > 3

T1,22,23 = 0

(1)

o Every feasible solution gives an upper bound to the optimal ob-
jective function value: the solution (z, z2,z3) = (2,0,0) says that
2, < 8.

o Now, if we multiply the first constraint by 2 and add it to the second
constraint we get

2-(zy — 22 +@23) > 22
+ 20 + ;2 + T3 2 3
4y — 320 + 323 > 7
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Systematic Approach

o Comparing the last expression with the objective function we get
4oy + oo+ 3x3 > 4ay — 31+ 373 2> 7,

for all x € R3. Therefore, 7 < 2z, < 8.

@ A more systematic motivation will lead us to multiply the con-
straints not by specific numbers, but by variables, say y; and ys.

o After that we can try to find values for this variables that gives us
the best (largest) lower bound for optimal objective function value.

o Generally, following this procedure, we get (y1, y= > 0):

y1 (1 — 222+ 23) 2 Y- 2
+ -2z + 1+ 123) > Y2 -3
(y1+2p)m + (=2y1 + y2)22 + (v1 + ¥2)z3 > 291 + 312
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Systematic Approach

e Now, we compare this sum (by seeing it as a lower bound) with the
objective function:

z = AT +22+3T3 > (Y14+242) T +H(—2y1+y2) T2 H(y1+Y2) T3 > 2y1+3y2

o Furthermore, we impose that every coefficient of z; to be as small
as the corresponding coefficient of z; in the objective function:

y1+2y2 < 4
—2y1+1y <1
Yy1+% < 3
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Systematic Approach

e We found ourselves in the face of a new optimization (maximization)

problem:
maximize w = 2y + 3y
subject to  y1 +2y2 < 4
—2y1+y% < 1 (2)
h1+y < 3
Y,y2 =2 0
o This problem is called the associated with prob-
lem (1).
@ The above procedure is called - amore
general method used for mimimize a function under some (equation)
constraints.
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Definition of Dual Problem

Consider the problem in canonical form (for a minimization problem),

called the
minimize
subject to

By definition the associated

maximize
subject to

of (3) is

w="bTy
ATy <c (4)
y >0

This problem is in the other canonical form (for a maximization prob-

lem).

Olariu E. Florentin

Operations Research - Lecture 5

October 27, 2025 7/ 41



Properties Related to Duality

Definition |

A LP mazimization problem 1is said to be in canonical form if
1t 1s presented like problem (4). That is, all the constraints are
"< and all variables are nonnegative.

o We know that every LP problem can be converted to a minimization
problem and then converted in a canonical form.

o Hence, if we see the dual problem as a minimization problem in its
canonical form, we can dualize it again. It is no surprize that, by
doing so, we get the primal problem.

Lemma
The dual of the dual problem is the primal problem.
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Properties Related to Duality

Proof. First, let us convert problem (4) to a minimization problem in
canonical form

minimize w' = -bTy
subject to —ATy > —c
y =0

The dual of this problem is

maximize 2'=-c'x
subject to  (=AT)Tx < —b
x 2 0.
Which is equivalent to
T

minimize 2z =c¢'x
subjectto Ax>Db
x 20,

that is, the primal problem (3). O
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General Rules of Duality

o As we already pointed out, every LP problem can be transformed
into a minimization problem and then converted in canonical form.

@ Therefore, any LP problem has a dual. The rules of general duality
will be deduced after we will apply these transformations.

o Let us consider an LP problem with non-negative variables, that is

T

minimize zZ=cCc'x
subject to Aix > by
AzX < b2 (5)
A3X = b3
x>0
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General Rules of Duality

@ We convert it to a canonical form

~

minimize zZ=cC'X
subject to Aix > b
——f&gX ;Z —;b2
f\3XZ ;Z b3
——f\3X ;3 —-b3
x>0

o We must define four groups of dual variables: one for every group

of constraints: y1, y5, v4, v5. The dual problem is
maximize w =b{y; —bJ ys+blys—biyl
subject to  A{y1 — Ay, +Afy; —Adyy < ¢
Y1,¥2,¥5 Y3 > 0
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General Rules of Duality

e If we change the notations, by putting y» = —y45 and y3 = y5 — v4,
then we have an equivalent form of the dual

maximize w =b{y1 +blys+blys
subject to ATy, + ATy, + ATys < ¢
y1 2 0,y2 < 0,y3 unrestricted

@ The directions of the constraints in the primal problem are not
canonical, this implies that the signs of the variables in the dual
problem are not canonical. The rules are

» the dual variables associated with ">" constraints are nonnegative;
» the dual variables associated with "<" constraints are nonpositive;
» the dual variables associated with equations are unrestricted.
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General Rules of Duality

@ Now, let us onsider a LP problem having only the constraints in
canonical form, i. e.,

minimize z =cfx +clxo +clx3
subject to A1x1 + Asxs + Asxz > b (7
> 0,xs < 0,x3 unrestricted

o We put this problem in canonical form by converting the variables,

! ! .

Xy = —Xp and X3 = X3 — X3!
. . . arc T !

minimize z=clx;—cTxh+cTxy—cTx}
subject to  Ajx; — Agxh + Asxh — Agxy > b
! ! 1
X1,X5,X3,X3 2 0

T
3
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General Rules of Duality

@ The dual of the later problem is

maximize w=">bTy
subject to AlTy < C1
~Aly < -c
Afy < cs
—Aly < —c;
y=20
@ Which is equivalent with
maximize w=>bly
subject to A{‘Fy <
Ay > ¢
f\gﬁy = C3
y=20
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General Rules of Duality

@ We see that the signs of the variables in the primal problem influence
the types of constraints in the dual problem. The rules are:

» the dual constraints associated with nonnegative variables are "<",
i.e., consistent with canonical form;

» the dual constraints associated with nonpositive variables are ">"i.e.,
reversed from canonical form;

» the dual constraints associated with unrestricted variables are equa-
tions.

Table: Duality Rules

consistent with canonical form < variable nonnegative (>)
reversed from canonical form <  variable nonpositive (<)
equation <« variable unrestricted
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General Rules of Duality

@ Consider the primal problem

maximize W =2z — 32 + 313 + 214
subject to 3Ty + T2 — 223 2> 5
201 — 2 + 223+ 224 = 4 (9)
1+ 2o+ 23— 2y < 2

T, > 0,20, 24 <0, z3 unrestricted

o Its dual is

minimize z =by1 +4ys 4+ 2y3
subject to 3y +2y2 +ys > 2
Y1— Y%ty < -3 (10)
—2y1 +2y2+ Y3 =
20 —y3 < 2

y1 < 0, y» unrestricted, y3 > 0
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Weak Duality

o Consider the following pair of primal/dual problems

minimize 2z =c’x maximize w =bTy
subject to Ax=b subject to ATy <c (11)
x> 0. y unrestricted.
Theorem |
( ) Let x be a feasible solution for the primal problem

and y be a feasible solution for the dual problem. Then

z=cTx>bly = w.
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Weak Duality

Proof. Using the inequalities from both, the primal and the dual prob-
lems, and the nonnegativity of all variables z = cTx > (ATy)Tx =
yTAx=yTb=bly=w. O

@ The importance of the Weak Duality Theorem comes from the fol-
lowing consequence.

Corollary |

(i) Unboundedness of the primal problem implies the infeasibil-
ity of the dual.

(ii) Let x be a feasible solution for the primal problem and y be a

feasible solution for the dual problem, such that cTx =bTy.
Then x and y are optimal for their respective problems.
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Weak Duality

Proof. (i) If the primal problem is unbounded, then it exists a sequence

of feasible solutions (Xk) , such that lim cT k= 0.

k>0’ k—o0
Suppose, on the contrary, that the dual problem has a feasible solution y.
From Weak Duality Theorem we have c7x* > bTy, for all & > 0. Hence,

—00 > b7y - which is a contradiction: the dual problem is infeasible.
(ii) If both problems are feasible, then they are both bounded; let x,
and y,. two optimal solutions for their respective problems, primal and
dual. From the following sequence or relations

cTx>cTx >0y, > by =cTx,

follows that cTx = cTx, = b7y, =bTy. O
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Weak Duality - Example

e Consider the following pair of primal/dual problems

max 2z =21 + 32 min w =2y + Y2
.t -2 <2 .t > 2
(P) s.t. o —2z; < (D) s. t _y1+y2 Z
itz >0 1 21 +y2 = 3
T, 20 Y1 20,9250
Since (P) is unbounded, (D) must be infeasible ( ).
e Now, consider another pair of primal/dual problems
min  z = -z + 22 max w =2y + Y2
A — > 2 .t 2 < -1
(PI) s. t 1 T2z (DI) s. t n it Y2 X
271 -2z, < 1 —y1 -2y < 2
Z1,Z2 2 0 Y1 20,920

Here (P) is infeasible, hence (D) can be infeasible or (feasible
and) unbounded (see the Strong Duality Theorem;

).
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Weak Duality

o If x and y are feasible solutions for primal and dual problems, re-

spectively, the is the difference be-
tween the objective functions values corresponding to these solu-
tions:

cTx—bTy>o0.

o The is the duality gap be-
tween two optimal solutions for the pair of primal/dual problems
provided that the two problems are bounded.

@ Corollary 3.1 says that if the duality gap between two solutions is
zero, then the two solutions are optimal for their respective prob-
lems.

@ The next result will show that in most of the cases the duality gap
between problems is zero, because this is equivalent to the fact that
one of the problems has a (finite) optimal feasible solution.
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Strong Duality

Theorem |

( ) If the primal problem or the dual problem has an
optimal solution then so does the other, and the optimal objective
values are equal.

Proof. Without restrain the generality we can assume that the primal
problem has an optimal solution and that this problem is in standard
form.

Let x, be an optimal basic feasible solution for the primal (obtained us-
ing the simplex algorithm). By reordering the variables we can suppose
that xT = (xZ xT). In line with this separation, we write A = (B N)

and c¢T = (¢ ¢}k).
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Strong Duality

Then, xp = B~'b and, since x, is optimal, the reduced costs of non-
basic variables are nonnegative: c% — cZB~'N > 0.

Let y. = (B 1) Tcp. y4 is feasible solution for the dual:
BT BT BT(B™!)Tc
ATY* ons Resqqdh “Yx = NTY* an T( —1)T B =
Y« N“(B™")"cp

(Ble)TCB e Cp < Cp e
NTB 1Tcs ) T\ (BT ) S\ ey ) TF

On the other hand

z=clx, = CBXB = CBB p = yTb by, = w.

Using corollary (3.1) (ii) we get the desired conclusion. [
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Complementary Slackness

@ The Strong Duality Theorem holds for every pair of primal/dual
problems (given in any forms). This is true because any problem
can be equivalently converted to one in standard form.

@ There is a deeper relation between the nonnegativity variables in
the primal problem and the constraints in the dual problem.

o This relation is called and says that its
impossible to have both z; > 0 and (ATy)i < ¢;, where x and y are
optimal solutions for their respective problems.

o This property may help to recover an optimal solution for the dual
problem from an optimal solution for the primal problem (and
viceversa).
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Complementary Slackness

Theorem |

(t ) If x 15 a feasible solution for the pri-
mal problem and y is a feasible solution for the dual problem,
then the following are equivalent

(i) xT(c—ATy) =0.

(ii) x and y are optimal solutions for their respective problems.

Proof. (i) = (ii) If xT(c=ATy) = 0, then ¢Tx = bTy and the conclusion
follows from Corrolary (3.1).

(ii) = (i). We know that z = ¢7x > yTAx = yTb = b7y, from the
Strong Duality Theorem, c’x = b7y, therefore, cTx = yTAx which
yields xT(c — ATy)=0. O
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Complementary Slackness - Example

@ Consider the following primal LP problem and its dual

min 2z = 132; + 102, + 6z3 max w =8y + 3
s.t. by 4+2+323 = 8 s. . byr +3y, < 13
(P) " (D) &
31+ = 3 y1+1y < 10
T, T2, T3 > 0 3y1 < 6

e We will verify if x = (1 0 1)7 is an optimal feasible solution for the
primal problem.

o Assume that, indeed, x is optimal; as zi,z3 > 0, we must have
5y1 + 3y» = 13 and 3y; = 6 which yields y1 = 2,92 = 1.

e Now, we compute the objective functions values: ¢Tx = 19 = b’y
- this equality says that x is optimal for the primal problem (and y
is optimal for the dual problem).
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Duality Intepreted

o The dual problem can be used to improve the interpetation of the
model for the original problem at hand.

o This interpretation may vary from problem to problem; we will
review this approach by using an example.

o Example: A bakery makes and sells two types of cakes, one simple
and a more fancy one. These products require basic ingredients
(flour, sugar, eggs etc), and some decorations and flavors (fruits,
nuts etc) with the fancier cake using more of the decorations, but
also more labor force. The baker would like to maximize profit.

o An LP problem associated to this situation follows.
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Duality Intepreted

max 2z = 24z + 142,
s.t. 3z +2z, £ 120

(P) 4 + o < 100
2Ty + o < 70
I, T2 2 0

o 1; and z» represent the number of batches of the fancier and simple
cakes produced per day.

o The first constraint is associated with the daily limits on the avalaibil-
ity of basic ingredients (a batch of simple cake requires 2 pounds, a
batch of fancier cake requires 3 pounds).

o In a similar manner, the second constraint represents the limits on
decorations and the third constraint records the work force avalaibil-
ity (1 hour/batch of simple cake vs. 2 hours/batch of fancier cake).
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Duality Intepreted

min w = 120y; + 100y2 + 70y3

s. t. 3y1 +4y2+2y3 > 24

21+ Y2ty 2 14
Y1,Y2,93 2 0

(D)

@ The optimal feasible solution for (P) is x, = (16 36)7, with z, =
888. The optimal feasible solution for (D) is y. = (6.4 1.2 0)7,
with w, = 888. (Complementary slackness conditions are satisfied
and optimal objective values are equal.)

@ The limiting factors in this problem are the resources (basic ingre-
dients, decorations, labor force). The bakery might want to hire
some new employers or to buy additional quantities of ingredients.

@ In this case how much the bakery should pay?
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Duality Intepreted

e Each extra pound of ingredients will be worth y; = 6.4% in profit
and each extra pound of decorations will be worth y, = 1.2§ in
profit.

o Additional work force is of no value, since there the labor force is in
excess. This argument fails if the bakery produces too much fancy
cake batches because it can drain up the labor force.
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Duality Intepreted

@ Another interpretation of the dual problem: if someone wants to
takeover the bakery, what price should be offered?

o First the potential buyer records the values of the bakery’s assets:
ingredients (y;), decorations (y2), workforce (ys).

o The buyer wants to minimize this total value
minimize w = 120y; + 100ys + 70y

@ Such a price would be fair if the bakery gives a profit greater or
equal to the profit obtained by producing cakes

3y1 +4ys +2y3 > 24
21+ Y2 +ys = 14

@ The dual problem helps us to determine the daily value of the bak-
ery’s bussiness.

Olariu E. Florentin Operations Research - Lecture 5 October 27, 2025 31/41



Dual Simplex Algorithm

o The Simplex method we already studied will be referred as

@ This algorithm starts with a basic feasible solution to the primal
problem and iterates until the are
fulfilled.

o It is possible to apply the simplex algorithm to the dual problem,
starting with a feasible solution to the dual problem and iterating
until the are satisfied.
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Dual Simplex Algorithm

@ The proof of the Strong Duality Theorem 3.2 shows that primal
optimality conditions for the primal problem (c y—cC BB IN >0
are equivalent with the (ATy < )

@ The primal simplex algorithm goes through a sequence of primal
feasible but dual infeasible bases, trying at each iteration to "re
duce" the dual infeasibility, until the dual feasibility conditions are
satisfied.

@ The will work in a dual fashion: it goes
through a sequence of dual feasible but primal infeasible bases, try-
ing at each iteration to "reduce" the primal infeasibility, until the
primal feasibility conditions are satisfied.

@ When these conditions are satisfied the duality theorems ensure us
that an optimal dual basis was reached.
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Algebra of Dual Simplex Algorithm

o Let us suppose that we have an initial dual basic feasible solution
xp = B~'b (that is, all reduced costs are nonnegative: c; >0, for
allj € N);

o For the primal point of view such a solution is , since
it gives an objective function value greater than optimum, without
being necessarily primal feasible.

@ The dual algorithm ends when the current basis becomes dual op-
timal, or, equvalently, primal feasible.

o In a common iteration, suppose that the current basis is not primal
feasible, this corresponds to a negative right-hand side entry bg; the
k constraint is

(XB)k + Z Ekiaci = /b\k < 0.
1EN
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Algebra of Dual Simplex Algorithm

o If a non-basic variable z; (z € N) were to replace (x5)x in the new
basis, then the value for z; will be by /ay; > 0 - which makes sense
as long as, in this way, we reduce the infeasibility.

@ The new reduced costs will be

R ~ ~ akh
Ch=¢h— CGi—,Vh=1n,
Ak

since we must preserve the primal optimality, we impose

~

= Ch Ci ~ . Opmx
ch > 04 = < = (for g, < 0, otherwise ¢, > 0)
agh Ok

o Therefore, if z; is the entering variable, then it must have the small-

est ratio with ag; < 0.

—~

Qk;
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Dual Simplex Algorithm

The algorithm starts with with a basis matrix B, corresponding to the
dual basic feasible solution, that is, ¢; > 0. The algorithm follows:

Computexg = b= B !b,ifxz > 0, then the

current basis is a dual optimal feasible solution. Otherwise choose

(x5)%, as the leaving variable, such that by < 0. The kth row is the

pivot row.
Compute A; = B~'A,. Find an i € N such that
Ac—i :min{ Ac— : 6kh<0,h€N}.
Qg akh,
z; will be the entering variable and a,; the entry. If @p; > 0,

for all h € N, then Stop - the problem has infinite optimum.

Compute the new basis matrix B, the new vector of
basic variables x5, and the new reduced costs ¢.
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Dual Simplex Algorithm - Example

o Consider the following LP problem

minimize z =211 + 315
subject to -3z +2z, < -4
—I1 — 2(122 < -3
T, 22 20

o In standard form the problem becomes

minimize z2 =2z + 32
subject to —3z; + 225+ 23 = —4
—T1 — 209+ T4 = —3

T, %2, T3, T4 > 0
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Dual Simplex Algorithm - Example

e The basis {z3, 74} is infeasible but the primal optimality conditions
are satisfied (this is a super-optimal solution)

Table: First Dual Simplex tableau (note that B = ).

‘ T T2 T3 T4 ‘

RHS

z||-3] 2 1 0| -4

4| -1 2 0 1]-3

Zpratihs Resdrch 00perfiofs RO
'2
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Dual Simplex Algorithm - Example

Table: Second Dual Simplex tableau.

T T2 T3 Ty RHS
T 1 —2/3 —1/3 0 4/3
zg | O —8/3 —1/3 1 —5/3
pA 0 13/3 2/3 0 -8/3
13/3 2/3
—8/3 —1/3

Table: Third Dual Simplex tableau.

Ty T T3 T4 RHS
1 0 -1/4 -1/4 | 7/4
T 1 1/8 -3/8 | 5/8
z 0 1/8 13/8 | -43/8
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Dual Simplex Algorithm - Example

o The current basis is primal feasible, hence is optimal. The dual
optimal feasible solution is y = (1/8 13/8)7T.
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