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Canonical Form

Definition

An LP 1n will be written as

n
minimize z = Z ¢z + d,
7=1

: . : (1)
subject to Z ayzT; > b1 =1,m,
j=1
z; >20,7=1,n

Sometimes the constant from the objective function is dropped (being
considered 0 does not modify the optimal solution, but only the value
of the objective).
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Canonical Form

In matricial notations (1) becomes

minimize 2 =cTx+d,

subject to Ax > b, (2)
x > 0.
where b € R™,c € R™, and A € R™*" ig the . ALP

problem in canonical form has the following features:
@ is a minimization problem;
o all the variables are restricted to be non-negative;

o all other constraints are ">>" inequations.
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An LP wn standard form well be written as

n
mimimize 2z = Z ¢z + d,

J=1
, n pe— (3)
subject to Z a;z; = bi, 1 =1,m,
j=1




Standard Form

In matricial notations

minimize 2z =cTx+d,
subject to Ax =D, (4)
x 2> 0.

where b > 0. An LP problem in standard form has the following features:
@ is a minimization problem;
o all the variables are restricted to be non-negative;
o all other constraints are equations;

o the components of the right-hand side vector b are non-negative.
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Converting to Standard Form - Techniques

Any LP problem can be converted to standard form; we illustrate the
techniques of converting using some examples.

o If we have a maximization problem:
maximize z =cTx+d
we multiply the objective by (—1):
minimize 2z’ = —¢Tx—d

After we solve the problem, the optimal objective value must be
multiplied by (—1): 2, = —2/.
However, the optimal solutions (that is, the values of the variables

after solving the problem) are the same.
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Converting to Standard Form - Techniques

@ A (non-zero) lower bound on a variable:
T, > by, with b, # 0.
is treated by replacing the variable with:
zj, = T, — by, and zj, > 0.

o Upper bounds of a variable can be treated in a similar manner or
as a general constraint.
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Converting to Standard Form - Techniques

@ An inequation having a negative right-hand side:
a1T1 + @aTy + ...+ ajpny, < by (or > b;), with b; < 0.
must be multiplied by (—1):
—@j1T] — Gj2T — ... — AjnTp > —b; (or < —b;).

@ An unrestricted variable:
T, €R

can be replaced by a pair of non-negative variables like this

Th = Tp — Tp-
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Converting to Standard Form - Techniques

o An "<" inequation with a non-negative right-hand side:
aj1T1 + @joT + ... + 4Ty < by, with b; > 0.
is converted to an equation by including a 520
aj1T1 + @Ga%2 + ..o+ ATy + S = by,
e An ">" inequation with a non-negative right-hand side:
Gp1T1 + QpoZo + ... 4 GpnZn > by, with by > 0.
is converted to an equation by including an en, >0

An1TL + apoZo + ... + QpnTn — €p = bp.
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Converting to Standard Form - Example

maximize z2 =301 — 22 + 433 + 2
subject to
T +42 —23 < 10
—21 + 825+ 223 + 14 } 1

T — 3.’122 — T4
23,0<23<5
First we convert the variables and the objective function:

minimize = —3z] 4 225 — 2§ — 4z3 + 11
subject to

T + 4z) — 4zl — 3

—z{ + 8zy — 8z + 2x3 + 74 —

T, —3zy + 3z —z; +

I3

"D{’ fllé, :I:ZH: T35 xfi: mﬁil 20

/AN | EVAV/AN
o=
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Converting to Standard Form - Example

Then we convert the constraints:

minimize 2! = =3z + 2z) — 2zj — 4zz + 11
subject to
T +4zh — 4y — z3+ 51
—z] + 8z —8z) +2z3+ 7, —z) — e
Ty — 3z4+ 32—z +
I3+ S3 =
Ty, T4, Ty, T3, Ty, Ty, S1, €2, S3 2 0

I
(S 2 =
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Converting to Standard Form - Example

In matrix notations the problem is

minimize 2z =cTx+ d,
subject to  Ax =Db, (5)
x 2 0.

where d = 11,¢c = (-3,2,-2,-4,0,0,0,0,0)%,b = (7,4,1,5)%, and

looidr iedioi—1 0 01 0 0
Rese: -1 8§ —8 2 1 -1 0 -1 0
1 -3 3 0 -1 1000
0 0 O 1 0o 00 01
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Hyperplanes and Halfspaces

Definition

Let a € R™ be a non-zero vector and b € R.
(i) The set Hs(a,b) = {x € R™ : xTa > b} is called a
(ii) The set Hp(a,b) = {x € R™ : xTa = b} is called a

e Obviously, a hyperplane Hy(a, b) is the boundary of two halfspaces:
Hs(—a,—b) and H(a, d).

o Geometrically, the vector a is orthogonal on the hyperplane Hj(a, b);
it is called the vector to Hp(a, b).
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Polyhedra

Definition |

Let A be a m x n matriz and b € R™ be a vector. The set
{x € R™ : Ax > b} s called a

@ The feasible region of any LP problem is a polyhedron: such a
problem can be described by inequality constraints of the form Ax >
b.

o Obviously a polyhedron is a finite intersection of halfspaces, and
can be a bounded or an unbounded set in R™.

Definition |
A set M € R” s of it exists a constant K € R, such
that ||x||2 < K, for every x € M, otherwise M 1is
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Convexity

Definition |
A set M € R" 1s if for any x,y € M, and any A € [0, 1],
we have Ax + (1 — )y € M.

The joining x and y is {z = Ax+ (1 = A)y : A € [0,1]}.
Definition |
(i) A of vectors x',x2,...xP € R™ is a vector

P P
Z)\ixl, where A1, Az,...,Ap > 0 and Z)‘i = 1.
i=1 i=1

(ii) The , conv(M), of a set M C R™ s the smallest
convez set of all convex sets containing M.
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Convexity

Theorem |
(i) An wntersection of convez sets is a convezx set.

(ii) Any of the following sets are convez: a polyhedron, a halfs-
pace, and a hyperplane.

(iii) Any convez combination of a finite number of elements of
a conver set belongs to that set.

(iv) The convez hull of a set M C R" is

conv(M)={z € R™ : 3p e N*3x',...,xP € M,

p

p .
and 3X',..., AP €[0,1],) Ai=1, st z= Z)\ixl}
1=1 1=1
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Extreme Points

o As we already saw from examples an optimal solution of a LP prob-
lem is a "corner" of the polyhedron obtained from all constraints of
the problem.

o This is an of a polyhedron: a point that cannot
be expressed as a convex combination of other points from that
polyhedron.

@ The geometric definition follows:

Definition |
A vector x of a set M C R" 15 an of M if we cannot

find two vectors y,z € M and X € (0,1) such thatx = Ay+(1—2X)z.

The of M 1s denoted by Epg.
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Extreme Points

The importance of extreme points in optimization over a polyhedron is
revealed by the next result - given here without proof.

Theorem

(Krein-Milman) Any convezr, compact subset of R™ coincides
with the conver hull of its extreme points.

Consider now the problem (2) with its subjacent polyhedron P = {x €

R% : Ax > b}. If P is bounded, it is compact (since is obviously closed),
hence

Corollary

If P 1s bounded, then P = conv(Ep).
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Basic Solutions

Now consider a LP problem in standard form

maximize 2z =cTx+ d,
subject to Ax =D, (6)
x> 0.

where m < n and matrix A € R™*" is full rank, that is, its rows are

linearly independent. We will see that this condition is not restrictive
(see seminar 2).

Definition

A 18 a vector x € R™ such that
(i) x satisfies the constraints of the linear program: Ax = b.

(ii) The columns of A corresponding to non-zero components of
x are linearly independent.
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Basic Solutions

o The components of a basic solution x can always be separated in
two classes: a sub-vector xy of (n — m) zero components, and xp
of m (possible non-zero) components.

o This separation is possible: since A has full rank we can find a
m x m invertible sub matrix B of A; the columns of B correspond
to the variables from xg also named

@ The set of basic variables is called the (corresponding to x).
@ The variables from x are called

o If some of the basic variables are also zero, the above separation
could be not unique.
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Basic Feasible Solutions

Definition |

@ A basic solution x 1s a if, n addition,
it satisfies the non-negativity restrictions, that s, x > 0.

@ A basic feasible solution s called
if it 15 also optimal for the linear program.

Definition
A 18 a vector x € R™ which satisfies the con-
straints of the linear program: Ax =b and x > 0.
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Basic Feasible Solutions

Consider the Reddy Mikks problem from last course (but as a minimiza-
tion one)
minimize z2 = —51 — 4z
subject to
6z + 412
T + 22
L2 — I
T2
Z1, T2

24

VN CIINCIN N
O = O

We already solved this problem: optimal value z, = —21 is reached at
point x, = (3,1.5) (B). The boundaries of the feasible region are the
lines

61+ 41y = 24 (1) ) 2 (4)
z1+2z, = 6 (2) =z = 0 (5
T eggonzesceadr (B)rationgy 0 (6)
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(6) —=

Feasible region

2
D C (4)

1

(5)

Figure: Feasible Region




Basic Feasible Solutions

o Each corner of the feasible region corresponds to the intersection of
6
two of these lines: theoretically there are <2> = 15 such intersec-

tions.
@ Only six of them are corners of the feasible region.

e In standard form this problem becomes (it has six variables)

minimize z = -5 — 41,
subject to
611 +410 +51 = 24
T+ 2z +8 = 6
-1+ +s3 = 1
o+ 84 = 2
T1, 2, 81,52, 83,82 = O
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Basic Feasible Solutions

@ The basis {22, S2, 53, S} gives the basic (infeasible) solution
(x1x231525354)T:(0 60 —61 2)T

which corresponds to an infeasible corner (intersection of (1) with
(6))-

e The basis {z1, 22, s1, S3} gives the basic feasible solution
(.’131 T2 S1 82 S3 S4)T = (2 2401 O)T

which corresponds to a feasible corner (intersection of (2) with (4)).
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Basic Feasible Solutions

@ The basis {z, 22, S, 54} gives the basic infeasible solution
(x1m231525354)T:(2 30 =20 —2)T

which corresponds to an infeasible corner (intersection of (1) with
(3))-

@ The basis {z1, 22, s3, 4} gives the optimal basic feasible solution
(z1 23 518283 8) 7 =(3 1500 1.5 0.5)7

which corresponds to an optimal feasible corner (intersection of (1)
with (2)).
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Basic Feasible Solutions

o If x is a basic feasible solution, once a set of basic variables has been
selected, we can reorder the variables such that the basic variables

are listed first:
xT = (xL x}).

@ The constraint matrix can be written (by rearranging the columns)
A=(BN),

where B has the columns corresponding to x5, and those of N cor-
respond to xy.

@ For a basic solution x we have xy = 0 (€ R*™™), therefore the
constraints Ax = b become

A-X:B-XB+N'XN:B-XB:b.
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Basic Feasible Solutions

o The number of basic feasible solutions is upper bounded by the
number of ways we can select m (basic) variables from the n existing

variables:
ny\ n!
m/)  mi(n—-m)

e This bound can be very large, but not all choices of basic variables
may correspond to basic feasible solutions (see the above example).

Olariu E. Florentin Operations Research - Lecture 2 October 6, 2025 29 / 42



Proof of the Equivalence

In this section we will prove that the notion of basic feasible solution
and that of extreme point coincide.

Theorem |
Let P = {x € R" : Ax = b,x > 0} be a non-empty polyhedron

and x € P. Then, the following are equivalent
(i) x s an extreme point of P.

(ii) x zs a basic feasible solution.

Proof. "(2) = (#)" We prove by contradiction; first, we reorder the
variables so that the non-zero variables come first: x7 = (xF x}), where

xy = 0, xp > 0. Correspondingly, we can write A = (B N) (but B may
not be a square matrix). Obviously Bxp = b.

If the columns of B are linearly independent, then the proof is done.
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Proof of the Equivalence

In what follows we suppose that the columns of B are not independent.
Let B; be the 7th column of B; it must exist real numbers y;,..., ¥, not
¢
all of which are zero, such that Z y;B; =0. f weput y = (y1 ... ye)T
j=1
then we have By = 0. For every ¢ € RY we can write

B(xp £ ey) = Bxy £ eBy = Bxg = b. (M
Now, if ¢ is small enough, we must have x5 4+ ey > 0; we define
X1:<XB+5Y>,$2:<XB_5Y)'
XN XN

From (7) it follows that x!2 € P; as x! # x? and x = 0.5x! 4 0.5x2, x
cannot be an extreme point - which is a contradiction.
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Proof of the Equivalence

"() = (1)" We may assume that the first variables are basic: x7 =

(x% xI), where xy =0, xp > 0, and A = (B N) (B being an m x m
matrix), with Bxp = b, the columns of B being linearly independent,
matrix B is non-singular.

The proof is also by contradiction: suppose that x is not an extreme
point, then there exist two distinct points x*, x? € P, and a € (0, 1), such
that x = ax!+(1—a)x® Wewritex! = (x} x} )andx*" = (% x% ),
with x4, x4 > 0,1 =1, 2.

Obviously, we have 0 = xy = ax} + (1 — a)x%, therefore, all terms
being non-negative, x}, = x4, = 0. From here it follows that

Bxp = Bxh = Bx3 = b = xp = x5 = x5 = B™'b,

which is again a contradiction. This completes the proof. [J

Olariu E. Florentin Operations Research - Lecture 2 October 6, 2025 32/ 42



Constructing basic solution

A procedure for constructing basic solutions, for a linear program with
a full-rank matrix is the following:

@ Choose m linearly independent columns A, A, ... /A, .
o Letz; =0forallj €{1,2,..., m}\ {5,%,. ..,Im}
@ Solve the system of m equations and m variables Ax = b.

If, in addition, the basic variables have non-negative values, then the
basic solution will be feasible. Conversely, since every basic feasible
solution is a basic solution, it can be obtained with this procedure.
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Degeneracy and Adjacency

o When one or more basic variables of a basic feasible solution are
zero, the corresponding solution (or vertex) is called

@ At a degenerate vertex, several different bases correspond to the
same basic feasible solution. can occur when the prob-
lem has a redundant constraint.

o Two extreme points are adjacent if they are connected by an "edge"

of the feasible region. Two bases are if they share (m — 1)
variables.
o Adjacent bases give - which may

or may not be distinct.
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Unboundedness

e Let M C R™ be a convex set (say a polyhedron), y € R™\ {0} is a
if

x+ay e M,Vxe M,VaeR,.

o Let M ={x € R" : Ax = b,x > 0} (that is, a linear program in
standard form) and y # O a direction of unboundedness for M. It
follows that y > 0 (exercise), and x, (x + ay) must be feasible points
(Va € R;) hence

Ax=Db,A(x+ay) =b=— Ay =0.

@ The reverse is also true: if y > 0, y # 0, and Ay = 0, then y is a
direction of unboundedness.
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Unboundedness

Consider the linear program

minimize 2= =1 — 23
subject to
=221 + 1 <2
-1+, < 3
z,z2 > 0

e This problem has three extreme points A(0,0), A(0,2), and B(1, 4);

e Point y = (1,0)7 is a direction of unboundedness, because Ay = 0
and y > 0.
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Representation Theorem

Theorem |
Consider the polyhedron P = {x € R : Ax = b} representing the
feasible region for problem (4), and Ep = {v!,v2,...,vi}. If P
18 nonempty, then Ep is nonempty, and every feasible solution
x € P can be written as

i
X=y+> Av', (8)
1=1

where Ay =0 (y s zero or s a direction of unboundedness), and
¢

Y>A=LX20Vi=171.
=1
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Proof of Representation Theorem

Proof. First we analyze the case when P is bounded: using corollary 2.1
we get that P = conv(Ep), therefore (8) holds with y = 0.

For the unbounded case, let x be a feasible solution of 7. We proceed
by induction on the number of non-zero components of x. If x is a basic
feasible solution, then it is an extreme point v* of P and (8) holds with
y=0,\;=1,and A\; =0, for 7 # 1.

If x is not an extreme point (i.e., it is not a basic feasible solution), the
columns of A corresponding to the non-zero components of x are linearly
dependent: there are n real numbers y1,ys, ..., Yn, not all of which are
zero, such that

n

ZyiAi =0 and Y :0, if(l)i =0.

1=1
Lety = (y1,%2,...,9yn) T, we have y # 0 and Ay = 0. Hence A(x+e¢y) =
Ax = b, that is, for small enough ¢, (x +€y) € P.
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Proof of Representation Theorem

o Observe first that y and —y cannot be both directions of unbound-
edness (why?).

e If y is not a direction of unboundedness, for some € > 0, (x + €y)
will meet the boundary of P, then we can choose

e1 =max{e >0 : x+¢ey >0}

Obviously, x! = (x + €1y) has less non-zero components than x.

o In the same way, if —y is not a direction of unboundedness, then we
can find out an e, > 0, such that x? = (x — €2y) has less non-zero
components than x.
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Proof of Representation Theorem

o If both y and —y are not directions of unboundedness, then

€2
?
€1+ €2

x = Axt + (1 — A)x?, where )\ =

and we can apply the induction hypothesis for x! and x2.

e If only y (—y) is a direction of unboundedness, then x = y + x!
(respectively x = y + x?), and, for x*, we can apply the induction
hypothesis.

Olariu E. Florentin Operations Research - Lecture 2 October 6, 2025 40 / 42



An LP problem 1s called bounded 1f it has a finite optimum,
and unbounded when it has an infinite optimum.
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