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Inferential statistics. Introduction



Inferential statistics

Hypothesis testing is a general tool to analyze the data.

A statistical test is characterized by:

» a null hypothesis,
Ho = hypothesis (the null hypothesis)
Ha = alternative (the alternative hypothesis)

» assumptions on the experiment (how the data is generated),
> a test statistic (a value computed from the data).

The purpose of the test is to check whether data is consistent with
the null hypothesis or not.

If Hy isn't consistent with the data, it is rejected and there is some
evidence that the research hypothesis is true.



Statistical hypothesis testing

Steps:

>
>

Define the null hypothesis Hy, the alternative hypothesis Hp

Select a significance level a: a threshold below which Hy will
be rejected

Compute the test statistic

Identify the critical values using the distribution of the test
statistic and the significance level

Construct the critical region (Hp is rejected)

Take the decision: reject Hp if the computed value is in the
critical region



Hypothesis testing

» Two-sided alternative Hp : 11 # g covering regions on both
sides of the hypothesis Hy : 1 = pg

» One-sided, left-tail alternative Hya : 1t < po covering the region
to the left of Hy

» One-sided, right-tail alternative Ha : > po covering the
region to the right of Hp

Example: verify that the the avg. connection speed is 54 Mbps
Ho:p =54

Ha : i # 54, 1 the average speed of connections

(two-sided alternative)

A one-sided test, if we worry about a low connection speed only:
HO U= 54
Hp < b4



Types of errors

Result of the test
Reject Hyp ‘ Accept Hy
Type | error

correct

correct
Type Il error

Hp is true
Hoy is false

Sampling errors:
> A type | error occurs when we reject the true Hp.

> A type Il error occurs when we accept the false Hp.

Probability of a type | error is the significance level of a test,
a = P{reject Hy|Hp is true}.



Level o test

Testing hypothesis: compute a test statistic T, a quantity
computed from the data, that has some known, tabulated

distribution Fy if Hy is true.

The null distribution Fg: the distribution of test statistic T when
the hypothesis Hy is true.

fo(T)

Rejection
region,
probability o
when Hyp is true

Acceptance
region,
probability (1 — &)
when Hj is true

Accept Hp if the test statistic T belongs to the acceptance region.



Statistical tests

2 groups ngroups (n>2)

distribution : 3 -
7 | B2 2
}; 5 g :‘1% unpaired ¢-test < g - one-way ANOVA
g5 s¢ 3=
“E’ £ = > .

s|loT @
cc|lo® f <23
S| 8 . t- =
s §S paired ¢-test g - two-way ANOVA
g _|B:
22| 828 | -Mann-Whitney U-test oneway  .Kruskal-Wallis test
T g g g data
€5 =
S c 5 .
S o| 88| -signtest two-way
T— | = ® CEri
S 8 @ | -Wilcoxon signed-ranks test data Friedman test
S =

If normality and equal variances aren't guaranteed, use
non-parametric tests.
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Parametric tests

» Applied when the shape of the distribution is known

» Variants:

» for a population (ex: hypothesis about the mean/variance of a
population),

> two populations (relation btw means),

» more than two populations

> Examples:

» Z-test: hypothesis about the mean of a population with
normal distribution, known variance

» T-test: unknown variance and the sample size is not large
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1. Z-test

The null distribution of the test statistic is Standard Normal.

Reject

if T is here
Accept

if T is here

Accept
if T is here

0 Za T —Za 0 T
(a) Right-tail Z-test (b) Left-tail Z-test

Reject
if T' is here

Reject
Accept if T is here

if T is here

The test statistic Z = 0-E@) _ QLE@
s(0) Var(0)

Z-test for means: when we know the population variance, or
when the sample size is large.



/-test

» One-sample Z-tests for means
Ho = = po _
_ X~ 1o

‘=Sl

o /+/n standard error

» Two-sample Z-tests comparing means of two populations
(independent samples of size n and m)
Ho : px —py =D
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2. t-test (unknown stdev)

6-E(9) _ 6-E@)

s(6) Var(6)

T-statistic: t =
T-distribution.

2 distribution
(standard normal)

t-distribution
(n close to 30)

-distribution
n smaller than 30)

» For a right-tail alternative,
reject Ho if t > t,
accept Hy if t < t,
» For a left-tail alternative,
reject Hp if t < —tq
accept Hy if t > —t,
» For a two-sided alternative,

reject Ho  if |t| > to)2
accept Ho if [t] < to



t-test

Hypothesis Conditions Test statistic Degrees of
Hy t freedom
_ Sample size n; _ X
#=Ho unknown o t= s/ymn nol

Sample sizes n, m; o
unknown but equal X-Y-D

_ =D o t= — -2
px — iy standard deviations, sl L ntm
ox =0y noom
Sample sizes n, m; G o Satterthwaite
U o D unknown, unequal t X-v-b approximation
X —HYy = ot =T ’
standard deviations, % T % formula (9.12)

ox #UY

When two populations have equal variances, ai = a% = ¢?, the

estimator of o2, pooled sample variance:

2 — S X=X (i Y)?  (n=1)siH(m=1)sy
P n+m-—2 n+m—2




a. t-test for a population mean

Used when variance ¢ is unknown and a normal population.
Ho: 1= po
Ha: p # o
ieticer + — XM 2 _ (=%
Test statistics: t = 5/7\/% where s° =~

Critical region
» For a two-sided alternative:
R = (_007 tnfl,lfa/Z) U (tnfl,a/27 OO)
» For a right-tail alternative, R = (tp—1,0,0).
» For a left-tail alternative, R = (—00, th—1,1-a)-




Table of Student’'s T-distribution

Table A5. Table of Student’s T-distribution

; critical values, such that P {t > t,}

B @, the right-tail probability
(@E) [ 20 s om ex o0 | s oo om0 woon
63.66 1273 3183 636.6
9% 100 2 0
5.841 7.453
2604
Loz
5208 5950 802
785 5408 T.064
A%l B4 G4
4297 4781 6.000
4144 4.587 5604
1 2om a5
1 2179 3930
1 2160 52
1 2145 8T
1 2131 3.733  4.073 4880
1. 2120 2.921 3686 4.015 4790
1 2110 2808
1 210 2.878
1 209 2861
1 2086 215
1.721 2.080 2.831 3.527 4.492
1717 2,074 2.819 3.505 4.452
1714 2,069 2.807 5 4416
1.711 2.064 2,797 A67 4.382
1708 2.060 2.78T 3450 4.352
1706  2.056
1703 2,052
1.701 2.048
1o zois
1.697  2.042 3030
1,694 2.037 3.015
Tem 2w 002
Tess zozs 2990
T8 zoza 2980
1.684 2021 24971
45 1301 1670 2014 2115 2412 2600 2052
50 1290 1676  2.000 2100 2,403 2.678 2037




Example 1: unauthorized use of a computer account

A long-time authorized user of the account makes 0.2 seconds
between keystrokes. The following times between keystrokes were
recorded when a user typed the username and password:

24, .22, .26, .34, .35, .32, .33, .29, .19, .36, .30, .15, .17, .28, .38,
.40, .37, .27 seconds.

At a 5% level of significance, is this an evidence of an unauthorized
attempt?

Test: Hy: u=0.2vs. Ha:p#0.2
Significance level o = 0.05. _
Compute the sample statistics: n = 18, X = 0.29, s = 0.074.



Example 1: unauthorized use of a computer account

Compute the T-statistic:

L X-02 029-02
"~ s/v/n T 0.074/V18

The rejection region: R = (—o0, —2.11] U [2.11, 00) (we used
T-distribution with 18 - 1 = 17 degrees of freedom and
a/2 = 0.025 because of the two-sided alternative).

5.16

Since t € R, reject Hy and conclude that there is a significant
evidence of an unauthorized use of that account.



b. t-test for comparing means of two populations

» Equal variances

» for small sample size, the hypothesis of normality of
populations is required

» Unequal variances

» estimate the degrees of freedom v of a T-distribution that
is “closest” to t
Satterthwaite approximation:

s2 s2\2
Gy

n (n 1) + mZ(m 1)

If this number of degrees of freedom is non-integer, take the
closest int v



Example 2: Comparison of two servers

An account on server A is more expensive than an account on
server B. However, server A is faster. To see if it's optimal to go
with the faster but more expensive server, a manager needs to
know how much faster it is.
A certain computer algorithm is executed 30 times on server A and
20 times on server B with the following results,

‘ Server A ‘ Server B
6.7 min | 7.5 min

Sample mean

Sample standard deviation | 0.6 min | 1.2 min

Is server A faster?



Example 2: Comparison of two servers

Test Hy : ux = py vs Ha : ux < py.
Significance level o = 0.05.

n=30,m=20,X=6.7,Y =75,sx = 0.6, and sy = 1.2.
This is the case of unknown, unequal standard deviations.

Use Satterthwaite approximation to find the number of degrees of
freedom:

0.6)2 1.2)?2
(( 30) + ( 20) )2
06y | (1.2)*
302(29) ' 202(19)

Reject the null hypothesis if t < —1.708.

=254

t = L Gl SN —2.7603 € R
(0.6)2 N (1.2)2
30 20

Reject Hp and conclude that there is evidence that server A is
faster.



Inferential statistics

1. Choose the significance level 0 < a < 1, the confidence you
want to achieve (ex: a = 0.05 - accept 5% error).

2. Then compute the test statistic for the data.

3. If the p-value of the statistic is smaller than the significance
level, the null hypothesis is rejected.



P-value
How do we choose the significance level o7

P-value is the lowest significance level « that forces rejection of
the null hypothesis.

P-value is also the highest significance level « that forces
acceptance of the null hypothesis.

Testing hypotheses with a P-value:
> For a > P, reject Hy
» For a < P, accept Hy

Practically,
> If P <0.01, reject Hy
> If P> 0.1, accept Hy

Only if the P-value falls between 0.01 and 0.1, we have to think
about the level of significance.



Computing P-values

P — value is the probability of observing a test statistic at least as
extreme as tops.

H“"):;h'\m A]to;;mm-‘v P-value Computation
o A
right-tail - y
B>t Ptz tohs} 1— Fultohs)
left-tail ) )
=ty o < f P{t = s} Fu(tohs)
two-sided - 9 .
el P2 ol | 201 = Fulltnsl)

F, is the cumulative distribution function of T-distribution with v
degrees of freedom
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Non-Parametric Tests

» Non-parametric statistics doesn’t assume any particular
distribution

» Are less powerful (the less you assume about the data, the
less you can find out from it)

> Having fewer requirements, they are applicable to wider
applications

» Variants: verify a hypothesis about population distribution
(chi-squared test Goodness-of-Fit), independence/association
(chi-squared, Fisher), comparison in case of nominal/ordinal
characteristics (sign test, rank tests, etc)
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1. The sign test

A sample (x1, ..., xp) of n real numbers. The assumptions: all the
x; are drawn independently from the same distribution.

The null hypothesis Hy: the median M = m.

Test Hyp against a one-sided (Ha: M < m, Ha: M > m) or a
two-sided alternative Hy : M # m.

We are testing whether exactly a half of the population is below m
and a half is above m.



The sign test

Compute the test statistic S := [{i|x; > m}|.

If Hp is true, each x; is equally likely to be above/below m.
Therefore, S is distributed according to a binomial distribution
with parameters p = 1/2 and n.

Suppose the observed value of S is k, w.l.o.g. kK > n/2. Compute
the p-value: the probability that S is at least k: 1/2" > " < n )

1



The sign test

Test of the median, Hy : M =m
Test statistic S = number of X; > m

Null distribution S ~ Binomial(n, 1/2)
For large n, S ~ Normal(n/2, \/n/2)
(if the distribution of X; is continuous)




The sign test

Example: if n =15, k = 12, we get a p-value of 0.018 — reject Hy
at a significance level of o = 0.05.

Instead, we have some evidence that the real median is greater
than 0.

Obs: we couldn’t conclude this if we selected o = 0.01.



Example 1: Unauthorized use of a computer account

Times between keystrokes: .24, .22, .26, .34, .35, .32, .33, .29, .19,
.36, .30, .15, .17, .28, .38, .40, .37, .27 seconds. The account
owner usually makes 0.2 sec between keystrokes.

We had to assume the Normal distribution of data (for T-test).
The histogram does not confirm this assumption.




Example 1: Unauthorized use of a computer account

The sign test: Hy: M =0.2vs Hy: M #0.2

The test statistic: Sops = 15 (15 of 18 recorded times exceed 0.2).
From Binomial distribution table with n = 18 and p = 0.5, find the
P — value:

P = 2min(P{S < Sops}, P{S > Sops}) = 2min(0.9993,0.0038) = 0.0076

The sign test rejects Hp at any a > 0.0076, which is an evidence
that the account was used by an unauthorized person.



The sign test

Application: compare pairwise samples from two different
distributions. For comparing two algorithms, suppose we have
samples (x1, ..., Xn), (¥1,---,¥n), Xi, yi performance measures of
algorithms on instance /. Question: Is it true that the 15 algorithm
is better than the 2"?

Consider the sequence of differences d; = y; — x; and do the sign
test on this sample. The null hypothesis: the medians of the
performance distribution are equal (the performance of both
algorithms is the same).

If sufficiently many d; are positive, Hy is rejected and there is
evidence that 15 algorithm is better.

Note: Hy is rejected if there are too few positive d;, which would
indicate that 2" algorithm is better.



The Sign Test and Heuristics for the TSP

Example: a new algorithm (CCAO?) for Euclidean TSP:
1. construct a partial tour from the convex hull of the cities,
2. includes remaining cities (cheapest insertion, angle selection)

3. improve the solution (Or-opt); other post-processors: 2-opt,
3-opt (find better tours by exchanging 2 or 3 edges of the
current tour until no further improvement is possible).

Only 8 instances! A larger #samples is required to draw statistical
significant conclusions!

Compare the algorithm to other heuristics: apply the sign test to
assess solution quality
P the algorithm is better than heuristics with a weak
post-processor (i.e., 2-opt).
» the algorithm is as good as those with a strong post-processor
(i.e., Or-opt, 3-opt).

"https://wuw.informs-sim.org/wsc83papers/1983_0094 . pdf


https://www.informs-sim.org/wsc83papers/1983_0094.pdf
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2. The Wilcoxon signed-rank test

The Wilcoxon signed-rank test is an extension to the sign test: it
takes the value of the differences into account. Used to compare

two related samples, matched samples, or repeated measurements
on a single sample.

1. The distances between observations and the tested value,
d,' = |X,' — m|

2. Order the distances and compute their ranks R; (R; = r: X;
is the r-th smallest observation in the sample).

3. Take only the ranks corresponding to observations X; greater
than m. Their sum is the test statistic W =}, . R;.

4. Large values of W suggest rejection of Hy in favor of
Ha : M > m; small values support Ha : M < m; both support
a two-sided alternative Ha : M # m



The Wilcoxon signed-rank test

Test of the median, Hy : M = m.

Test statistic W = Zi:X,->m R;, where R; is the rank of
d,' = |X,' — m\

Null distribution: Table of Critical values

For n> 15 W ~ No,ma/(n(n:1)7 n(n+12)£2n+1))

Assumptions: the distribution of X; is continuous and symmetric.




Table of Critical Values for the Wilcoxon Signed Rank Test

Table A8. Table of Critical Values for the Wilcoxon Signed Rank Test

For the left-tail test, the table gives the largest integer w such that P {1

For the right-tail test, the table gives the smallest integer w such that P {1

< | Hy) <a.
Few | Ho) < a

A missing table entry means that such an integer does not exist among possible values of IV,

a, lefi-tail probability for the left-tail test a, right-tail probability for the right-tail test
0001 0.005 0.010 0025 0050 0100 0200 | 0200 0100 0.050 0025 0010 0.005 0.001
1
2
3 o 6
1 o 2 s 10
s o 2 3 12 1 1
o o 2 4 s w18 1 o2
7 0 EOY PO . om om o ow as
N o 1 3 s s om B oom omom a6
9 1 3 508w o P S N T
w| o 3 5 s w0 w1 3 a1 45 4T 50 52 55
n| o1 5 T T 1
2| 2 7 9w w2 51
3| o4 Lt 50 6
w| 6 12 15 om mom o o
FE 3 I S T B S ™ s
wl oo 2w a2 8w
o om v a1 as 9 105
s o1 or w0 a5 06 116
w| oo 6 w62 JEEAT
w| 2% a7 52 w6 120 141
W a2 a9 58 &7 7T U1 1s
% 48 55 65 T8 86 09 154 167
a0 s e2TE s e 108 | 167 182
561 60 81 @1 14 118 | 181 196
5 676 %0 10 13 10 | 105 212
2| 58 7 osa es a0 1 227
| s s 2w o1 om 244
| 71 el 11 16 10 15 261
w| 7 0 10 12 10 167 278
w| 6 100 120 13 11 160 296




Example 1: Supply and demand

You have to ensure that the printers don’t run out of paper.
During the first six days, the lab consumed: 7, 5.5, 9.5, 6, 3.5, 9
cartons of paper. Does this imply significant evidence, at the 5%

level of significance, that the median daily consumption of paper is
more than 5 cartons?

Right-tail test Hp : M =5 vs Hy : M > 5.



Example 1: Supply and demand

For n =6 and a = 0.05, we'll reject Hy when the sum of positive
ranks T > 19.

Compute distances d; = |X; — 5| and rank them from the smallest
to the largest.

1 X,' X,' -5 d,' R,' sign
1] 7 2 2 | 4 +
2|55 0.5 051 +
3195 4.5 45| 6 +
4| 6 1 1 2 +
5/35| -15 |15| 3 -
6| 9 4 4 5 +

Compute T adding the "positive” ranks only:
T=441+6+24+5=18 < 19.

No rejection: at the 5% level, data do not provide significance
evidence that the median consumption of paper exceeds 5 cartons.



Example 2: Unauthorized use of a computer account

Test M =0.2 vs M #0.2.
Compute the distances di = |X; — m| = |0.24 — 0.2| = 0.04, ... ,
dig = |0.27 — 0.2] = 0.07 and rank them.

W = sum of positive signed ranks = 162

Tes ted medxan m=

15
=17
=18
=16

13
14
12

&
jz

4
Ry
=9
10
7

——o Ry
L o R
——9Rup
[
L— o Ry=8
————9Rs;s
o Ris
———o Rir
L o Rig=

o
—ORI
104

3 o

Observations X; and distances d;
Ry =
=5 6—

Ry =

st Riz

8 4 10

Notice that the 9-th, 12-th, and 13-th observations are below the
tested value m = 0.2 while all the others are above. The test
statistic (the sum of only positive signed ranks):

W = Z R; = 162

i:X;i>m



Example 2: Unauthorized use of a computer account

Compute a P — value. This is a two-sided test, therefore,
P =2min(P{W < 162}, P{W > 162}) < 2-0.001 = 0.002 (use
Table with n = 18).
» Obs: for the sample size n = 18, we can also use the Normal
approximation.

The test shows strong evidence that the account was used by an
unauthorized person.
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3. Mann-Whitney-Wilcoxon rank sum test

Wilcoxon signed rank test can be extended to a two-sample
problem: compare two populations, the population of X and
the population of Y. In terms of their cumulative distribution
functions, test

Ho : Fx(t) = Fy(t), for all t

Alternative Hp: either Y is stochastically larger than X, and
Fx(t) > Fy(t), or it is stochastically smaller than X, and
Fx(t) < Fy(t).



Mann-Whitney-Wilcoxon rank sum test

1. Combine all X; and Y] into one sample.

2. Rank observations in this combined sample. Ranks R; are
from 1 to (n 4+ m). Some of these ranks correspond to
X-variables, others to Y-variables.

3. The test statistic U is the sum of all X-ranks.

If U is small, X-variables have low ranks in the combined sample,
so they are generally smaller than Y-variables. This implies that Y
is stochastically larger than X: support the alternative

Hj Fy(t) < Fx(t).



Mann-Whitney-Wilcoxon rank sum test

Ix(t), Sy (t)

Variable Y is stochastically larger than variable X. It has a larger
median My > Mx and a smaller cdf Fy(t) < Fx(t).



Mann-Whitney-Wilcoxon rank sum test

Test of two populations, Hy : Fx = Fy.

Test statistic U = E,- R;, where R; are ranks of X; in the combined
sample of X; and Y;.

Null distribution: Table of Critical values

For n,m > 10, U ~ Normal( "("+2’"+1), W)

Assumptions: the distributions of X; and Y; are continuous;
Fx(t) = Fy(t) under Hy; Fx(t) < Fy(t) for all t or
Fx(t) > Fy(t) for all t under Ha.




Table of Critical Values

Table A9. Critical Values for the Mann-Whitney-Wilcoxon Rank-Sum Test
For the lefi-tail test, the table gives the largest integer u such that P{U <u | Hy} < a.
For the right-tail test, the table gives the smallest integer u such that P{U > u | H,)} < a.

A missing table entry means that such an integer does not exist among possible values of U,

@, left-tail probability for the lof-tail test @, right-tail probability for the right-tail test
H 4 : X is stochastically smaller than Y Ha: X is stochastically larger than V'
ni ma | 0001 0005 0010 0025 0050 0100 0200 | 0200 0100 000 002 0010 0005 0001
6
6 7
6 s
3 T 8 33
3 T 9 £
3 T 9 39
T 8 0 a1
a2
i
i 10
i s w oo
i woon o1
4 T 10 11 13
ik 0w
P noom o
i ow| w0 o2 ouw o 50
aoufl w2 ou . > 51
4 12 10 13 15 7 55 58
52
5o 15
soa n .
5 5 15 16 17 a0
5 3 16 17 18 “
5 T 16 18 20 49
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sow| w owoomonm 6
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6 2
6 3
6 1 n omon W
5 5 n o 50
] B a2 5
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Example 1: On-line incentives

Managers of a shopping portal suspect that more customers
participate in on-line shopping if they are offered some incentive,
such as a discount or cash back. To verify this hypothesis, they
chose 12 days at random, offered a 5% discount on 6 randomly
selected days, but did not offer any incentives on the other 6 days.
The discounts were indicated on the links leading to this shopping
portal.

With the discount, the portal received (rounded to 100s) 1200,
1700, 2600, 1500, 2400, and 2100 hits. Without the discount,
1400, 900, 1300, 1800, 700, and 1000 hits were registered. Does
this support the managers' hypothesis?



Example 1: On-line incentives

Fx, Fy the cdf of the number of hits without the discount and
with the discount, respectively.
Test Hy : Fx = Fy vs Ha : X is stochastically smaller than Y.

To compute the test statistic: combine all the observations and
order them

700, 900, 1000, 1200, 1300, 1400, 1500, 1700, 1800, 2100, 2400, 2600

X-variables are underlined. In the combined sample, their ranks are
1, 2, 3,5, 6, and 9, and their sum is U,ps = Z?:l R; = 26.

From Table of critical vals. with n = m = 6: the one-sided left-tail
P-value is p € (0.01,0.025]. Although it implies some evidence that
discounts help increase the on-line shopping activity, this evidence is not
overwhelming.

We can conclude that the evidence supporting the managers’ claim is
significant at any a > 0.025.
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