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No Free Lunch theorems

Always picking the best algorithm?
> "No Free Lunch” theorem: no algorithm can be the best
across all possible problems and, on average, all algorithms
perform the same.

Motivation for Algorithm Selection: if, on average, different
algorithms are the best for different parts of the problem space,
selecting them based on the features of the problem can improve
performance.

Task: identify a portfolio of complementary algorithms and a
strategy for choosing between them.

Debate: if the NFL theorems would apply to Algorithm Selection
systems, the ramifications in practice may not be significant.



Algorithm selection

» The algorithm selection problem: select the most suitable
algorithm for a particular problem.

Which algorithm is likely to perform best for my problem? - a
learning task.

» Meta-learning: learning about ML algorithm's performance
on classification problems

» Methods based on algorithm selection began to outperform

standalone solvers in SAT competitions®.

Other problems addressed: CSP, planning, Max-SAT, ASP.

1SATzilla: portfolio-based algorithm selection for SAT, 2008


https://www.jair.org/index.php/jair/article/download/10556/25269

Algorithm selection

The winner-take-all approach: measure algorithms' performance on
a set of instances, and use the algorithm with the lowest average
runtime.

P neglect algorithms that, while uncompetitive on average, have
good performance on particular instances



The algorithm selection problem

A formal abstract model:
» the problem space P: the set of instances of a problem class
» the feature space F: measurable characteristics of the
instances (generated by a computational feature extraction
process applied to P)
» the algorithm space A: the set of considered algorithms for
tackling the problem

» the performance space: the mapping of each algorithm to a
set of performance metrics

The problem: for a problem instance x € P, with features

f(x) € F, find the selection mapping S(f(x)) into algorithm space
A s.t. the selected algorithm A € A maximizes the performance
mapping p(A, x).



The algorithm selection problem

Figure: Schematic diagram of Rice's algorithm selection problem model.
The objective is to determine the selection mapping S so as to have high
algorithm performance.
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Algorithm Selection

ML techniques learn the performance mapping (from problems to
algorithms) using features extracted from the problems.

P a training phase: algorithms are run on a sample of the
problem space to experimentally evaluate their performance

P the training data are used to create a performance model
used to predict the performance on new problems

Key components of an Algorithm Selection system:
> feature extraction
» performance model

» prediction-based selector
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Meta-learning

In ML, Algorithm Selection is referred to as meta-learning 2.

> Select the best learning algorithm to solve a classification
problem using different performance measures (accuracy).

» Characterize a classification problem and use rule-based
learning algorithms to develop rules for selection:

If the dataset has characteristics C1, C2, ..., Cn
Then use algorithm Al and don’t use algorithm A2.

2Aha, D. Generalizing from case studies: A case study, 92



Meta-learning for classification problems

The study of Aha '92 2: an empirical method for generalizing
results from case studies

» A nearest-neighbor classifier (IB1), a set covering rule learner
(CN2), a decision tree (C4)

P Instances: training datasets from the letter recognition
database

> Features: #instances, #classes, #relevant and irrelevant

attributes, #prototypes per class, the distribution range of the
instances and prototypes

IF (#training instances < 737) AND
(#prototypes per class > 5.5) AND
(#relevants > 8.5) AND
(#irrelevants < 5.5)

THEN IB1 will be better than CN2.



StatLog project

StatLog 3(Comparative Testing of Statistical and Logical Learning)
project: a broader range of datasets, algorithms and features.

Figure: Features used to characterize classification datasets

Measures Definitions

Simple

N Number of examples

P Numpber of attributes

q Number of classes

Bin.att Number of binary attributes

Cost Cost matrix indicator

Statistical

SD Standard deviation ratio (geometric mean)
corr.abs Mean absolute correlation of attributes
cancorl First canonical correlation

fractl Fraction separability due to cancorl
skewness Skewness—mean of |E (X — p)3|/a?

kurtosis Kurtosis—mean of | E (X — p)*|/a*
Information theory

H(C) Entropy (complexity) of class

H(X) Mean entropy (complexity) of attributes
M(C,X) Mean mutual infi ion of class and attrik
EN.attr Equivalent number of attributes H (C)/M (C, X)
NS.ratio Noise-gignal ratio (H(X) — M(C, X)VM(C,X)

Information theoretical measures can capture the randomness of an instance, which

correlates with complexity.

3Michie et al. Machine Learning, Neural and Statistical Classification, '94



StatLog project

In the notation of Rice's model:
> P: 22 classification datasets
» A: 23 machine learning, neural, statistical learning algorithms
> F: 16 features of the datasets
» performance: classification accuracy

No single algorithm performed best for all problems (supported by
the NFL theorem).

To learn rules for each algorithm (the mapping S): use a decision
tree algorithm (C4.5).

Example: rules generated for the CART (Classification And
Regression Tree) algorithm

CART recommended IF (N < 6435 AND skew > 0.57)
CART not recommended IF (N > 6435 OR (N < 6435 AND skew < 0.57))

Valuable meta-data widely used by researchers (extended studies*)

*Ali, S., Smith, K. On learning algorithm selection for classification, *06



Automated Machine Learning

» Automated machine learning (AutoML)®
http://www.ml4aad.org/automl/: automatically choose a
good algorithm and feature preprocessing steps for a new
dataset, and set their hyperparameters.

» AUTO-SKLEARN © uses Bayesian optimization, a SOTA
optimization framework for the global optimization of
expensive blackbox functions.

AUTO-SKLEARN improves the AutoML methods by:
» a meta-learning step for initializing the Bayesian optimizer
P construct ensembles from the models evaluated during the
optimization

= — AutoML
Bt Hamtton meta- data pre- feature it build -
Xpoor: b £} learning processor [ preproces classifier bl Yeeu
WL framework,

°F. Hutter et al. Automated Machine Learning: Methods, Systems,
Challenges, '19
®M. Feurer et al. Efficient and Robust Automated Machine Learning: '15


http://www.ml4aad.org/automl/

Bayesian optimization

No analytical expression of f(x) and the cost of finding f(x) is
very high.
Find global optimal value of f(x), max f(x)
» Surrogate function g() guess f(x), given the current
information

» Acquisition function guides our choice of the next sample of x



AUTO-SKLEARN's components

» Classification algs: linear models, SVMs, nearest neighbors,
naive Bayes, decision trees, ensemble, etc.

» Feature preprocessing: feature selection, kernel approximation,
matrix decomposition, embeddings, feature clustering,
polynomial feature expansion, etc.

» Data preprocessing: rescaling of the inputs, imputation of
missing values, one-hot encoding, balancing of the target
classes
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Algorithm runtime prediction

» Predict the runtime of an algorithm on an unseen input: use
ML techniques to build a model of the algorithm’s runtime as
a function of problem-specific instance features

» Empirical performance models (EPM)’, used for:
» algorithm selection
» parameter tuning and algorithm configuration
» generate hard benchmarks
» gain insights into instance hardness and algorithm performance

"F. Hutter et al. Algorithm runtime prediction: Methods & evaluation, 14



Empirical performance models

A problem instance: a list of features z = [z, ..., z,| ", drawn from a
feature space F; the features are computable (a problem-specific code
that extracts characteristics for an instance).

The configuration space © of a parameterized algorithm with parameters
01, ...,0, with domains ©4, ..., 0:

» a subset of the cross-product of parameter domains
© C ©1 X ... X O; the elements of ©: configurations
(instantiations of the algorithm’s parameters)

The input space: 7 = © x F.

Given an algorithm A with configuration space © and a distribution of
instances with feature space F,

an empirical performance model (EPM) is a stochastic process

f:Z — A(R) that defines a probability distribution over performance
measures, for each combination of a configuration 6§ € © of A and an
instance with features z € F.



Empirical performance models

To construct an EPM for algorithm A with configuration space ©
on an instance set [l
» run A on various combinations of configurations #; € © and
instances 7; € I, and record the performance values y;

» record a p = k + m-dimensional vector of predictor variables
=[0],27]7, 6; the k-dimensional parameter

conflguratlon, z; the m-dimensional feature vector of the
instance used in the it" run

» the training data for the regression models: {(xi, y1), ...,
(xn, ¥n)}; X the n x p matrix containing [xq, ..., xn] " (design
matrix), y the vector of performance values [y1, ..., yn] "

Predict log runtime: a log-transformation is useful for large variation in
runtimes for hard combinatorial problems. Discard the input dimensions
constant across all training data points and normalize the remaining ones
(+ disregard missing values).



Problem Size Features:

1-2. Number of variables and clauses in original formula (trivial):
denoted v and c, respectively
3-4. Number of variables and clauses after simplification with
SATElite (cheap): denoted v’ and ', respectively
5-6. Reduction of variables and clauses by simplification
(cheap): (v-v')/v’ and (c-c’)/c’
7. Ratio of variables to clauses (cheap): v/c’
Variable-Clause Graph Features:
8-12. Variable node degree statistics (expensive): mean, varia-
tion coefficient, min, max, and entroj
13-17. Clause node degree statistics (cheap): mean, variation co-
efficient, min, max, and entropy
Variable Graph Features (expensive):
18-21. Node degree statistics: mean, variation coefficient, min, and

max
22-26. Diameter*: mean, variation coefficient, min, max, and entropy

Clause Graph Features (expensive):

27-31. Node degree statistics: mean, variation coefficient, min, max,
and entroj

32-36. Clustering Coefficient': mean, variation coefficient, min,
max, and entropy

Balance Features:

37-41. Ratio of positive to negative literals in each clause
(cheap): mean, variation coefficient, min, max, and entropy

42-46. Ratio of positive to negative occurrences of each variable
(expensive): mean, variation coefficient, min, max, and en-

tropy
47-49. Fraction of unary, binary, and ternary clauses (cheap)
Proximity to Horn Formula (expensive):
50. Fraction of Horn clauses
51-55. Number of occurrences in a Horn clause for each variable:
rmean, variation coefficient, min, max, and entropy
DPLL Probing Features:

56-60. Number of unit propagations (expensive): computed at
depths 1, 4, 16, 64 and 256

Problem-specific instance features for SAT 7

61-62. Search space size estimate (cheap): mean depth to contra-
diction, estimate of the log of number of nodes

LP-Based Features (moderate):

63-66. Integer slack vector : mean, variation coefficient, min, and
max

67. Ratio of integer vars in LP solution
68. Objective value of LP solution

Local Search Probing Fealures, based on 2 seconds of running
each of SAPS and GSAT (cheap):

69-78. Number of steps to the best local minimum in a run: mean,
median, variation coefficient, 10th and 90th percentiles

79-82. Average improvement to best in a run: mean and coefficient
«of variation of improvement per step to best solution

83-86. Fraction of improvement due to first local minimum: mean
and variation coefficient

87-90. Best solution: mean and variation coefficient

Clause Learning Features* (based on 2 seconds of running
ZCHAFF_RAND; cheap):

91-99. Number of learned clauses: mean, variation coefficient,
in, max, 10%, 25%, 50%, 75%, and 90% quantiles
100-108. Lenglh of learned clause: mean, variation coefficient, min,
max, 10%, 25%, 50%, 75%, and 90% quantiles

Survey Propagation Features* (moderate)

109-117. Confidence of survey propagation: For each vark-
compute the higher of P(true)/P(false) or
P(false)/P (true). Then compute statistics across variables:
mean vananon coefficient, min, max, 10%, 25%, 50%, 75%,
quantiles

118-126. Unconslralned variables: For each variable, compute
P(unconstrained). Then compute statistics across vari-
ables: mean, variation coefficient, min, max, 10%, 25%,

50%, 75%, and 90% quantiles

Timing Features*

127-138. CPU time required for feature computation: one feature
for each of 12 subsets of features (see text for details)



Problem-specific instance features

» Probing features: execute a cheap algorithm for the instance
and keep track of several statistics (e.g. #clauses a DPLL
SAT solver learns in 2 sec)

Probing features based on one type of algorithm (e.g, LS) are often
useful for predicting the performance of another type of algorithm
(e.g., tree search).

» Timing features: the time for computing various features



Performance predictions

» Complementary quantitative metrics to evaluate mean
predictions 1, ..., tt, and predictive variances a%, 02
given true performance values yi, ..., yp.

» Root mean squared error (RMSE): \/l/n Sy — wi)?

» Pearson’s correlation coefficient (CC): W , X
Sy

sample mean, s, standard deviation of x

» 10-fold cross-validation, report means of the measures across
the 10 folds; statistical significance using a Wilcoxon
signed-rank test (paired - cross-validation folds are correlated)

» data and software:
http://www.cs.ubc.ca/labs/beta/Projects/EPMs/


http://www.cs.ubc.ca/labs/beta/Projects/EPMs/

Quantitative comparison of models for runtime
on previously unseen instances

7

predictions

Domain RMSE Time to learn model (s)
RR SP NN PP RT RF RR sp NN PP RT RF

Minisat 2.0-COMPETITION 101 125 062 092 068 047 638 2808 2184 4656 2096  22.42
Minisat 2.0-HAND 105 134 063 085 075 051 37 7.92 62 414 615 5.98
Minisat 2. 064 076 038 055 05 037 446 798 1081 4609 715 8.36
Minisat 2. 094 101 078 08 071 052 368 7.82 557 48.12 636 442
Minisat 2 053 076 032 052 025 017 351 635 468 5167 48 2.78
Minisat 2 051 071 029 034 03 019 32 517 26 4616 247 15
Minisat 2 035 031 016 01 0.1 008 306 49 205 5311 237 1.07
CryptoMinisat-INDU 094 099 094 09 091 072 365 79 537 4582 503 414
CryptoMinisat-SWV-IBM 077 085 066 083 062 048 35 10.83 449 4899 475 278
CryptoMinisat-IEM 065 096 055 056 053 041 319 486 259 449 241 1.49
CryptoMinisat-SWV 076 078 071 066 063 051 309 462 209 5385 232 1.03
SPEAR-INDU 095 097 085 087 08 058 355 953 54 4547 552 425
SPEAR-SWV-IBM 067 085 053 078 049 038 349 6.98 432 4848 49 2.82
SPEAR-IBM 06 086 048 066 05 038 3.8 577 258 4572 25 156
SPEAR-SWV 049 058 048 044 047 034 309 624 209 5609 238 113
£nn-RANDSAT 101 105 094 093 122 08 379 8.63 657 4621 764 5.42
SAPS-RANDSAT 094 109 073 078 086 066 381 854 662 4933 659 5.04
CPLEX-BIGMIX 27E8 093 102 1 085 064 339 827 475 4125 533 354
Gurobi-BIGMIX 151 123 141 126 143 117 335 5.12 455 4072 545 3.69
SCIP-BIGMIX 4566 088 08 091 072 057 343 535 448 3951 508 375
1p_solve-BIGMIX 11 09 068 107 063 05 335 468 462 4327 276 492
CPLEX-CORLAT 049 052 053 046 062 047 319 764 55 2754 477 34
Gurobi-CORLAT 038 044 041 037 051 038 321 523 552 2858 471 331
SCIP-CORLAT 039 041 042 037 05 038 32 7.96 552 2689 512 3.52
1p_solve-CORLAT 044 048 044 045 054 041 325 5.06 549 315 263 442
CPLEX-RCW 025 029 01 003 005 002 311 753 525 2584 481 2.66
CPLEX-REG 038 039 044 038 054 042 31 648 528 2495 456 3.65
CPLEX-CR 046 058 046 043 058 045 425 1186 1119 2992 1144 8.35
CPLEX-CRR 044 054 042 037 047 036 54 1843 1734 353 2036 13.19
LK-H-RUE 061 063 064 061 08 067 414 114 1278 2295 1149 1114
LK-H-RCE 071 072 075 071 102 076 419 27 1293 2478 1154 10.79
LK-H-TSPLIB 955 111 177 13 121 106 161 3.02 051 43 017 om
Concorde-RUE 041 043 043 042 059 045 418 36 127 2228 1079 9.9
Concorde-RCE 033 034 034 034 046 035 417 232 1268 248 1116 10.18
Concorde-TSPLIB 1206 069 099 087 064 052 154 2.66 0.47 426 022 012




Visual comparison of models for runtime predictions ’
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Generalizations to other domains

Sorting

» Use dynamic programming to estimate the mapping S via a
Markov decision process
» feature: the length of the sequence
> generate rules/optimal policies showing which of the
algorithms (InsertionSort, MergeSort, Quick-Sort) should be
used (depending on the length of sequence)

8Lagoudakis, M., Litman, M., Parr, R. Selecting the right algorithm,=' 01



Sorting

> A learning approach for the mapping S, more sorting
algorithms, additional features to characterize a sequence (the
degree of presortedness) °

» P: 4 classes of random sequences of varying size and degree of
presortedness (43195 instances)

» A: InsertionSort, ShellSort, HeapSort, MergeSort, QuickSort
» performance: algorithm rank based on CPU time

> F: length of sequence, measures of presortedness (#inversions,
the length of the longest ascending subsequence, etc.)

» C4.5 to produce rules, and two classifiers; a dynamic approach
was also adopted for the recursive sorting algorithms.

Over 90% accuracy in selecting the fastest sorting algorithm.

°Guo, H. Algorithm selection for sorting and probabilistic inference: A
machine learning-based approach, '03



Learning to select/switch between algorithms online

Learning to select a sorting algorithm at each node

> Keep track of a state (e.g., length of sequence left to be
sorted recursively)

» Choose the algorithm to use for subtree - e.g., QuickSort for
long sequences, InsertionSort for short ones



Constraint Satisfaction

» The empirical hardness of SAT instances: the existence of
algorithm-independent phase transitions for random 3-SAT
problems: when the ratio of #clauses to #variables is
approximately 4.26, the instance becomes hard

> Identify features that correlate with the empirical hardness of
problem instances



Constraint Satisfaction

The relationship between the features of an instance and the time
of the algorithm 10
» P: 8544 instances of the winner determination problem,
generated randomly
> A: CPLEX 7.1
» performance: computation time (log)
> F: 25 features

> statistical characteristics of the graph: degree statistics, edge
density, average minimum path length, etc.

> features derived from solving the LP relaxation of the problem
(norms of the int slack variables)

P statistics of the prices in the auction problem

» The mapping S was learned using a linear regression model,
2nd_degree polynomial regression and spline models.

10 eyton-Brown, K., et al. Learning the empirical hardness of optimization
problems: The case of combinatorial auctions, '02




Algorithm portfolios

» Combine algorithms with high average running times to form
an algorithm portfolio.

» To construct algorithm portfolios:
» train a model for each algorithm

» given an instance,
P> compute feature values
> predict each algorithm'’s running time (using runtime models)
P run the algorithm predicted to be fastest



Algorithm portfolios for combinatorial auctions®!

Algorithms:
» CPLEX
> GL: a B&B algorithm with CPLEX's LP solver as its heuristic
> CASS: a B&B algorithm with a non-LP heuristic

Figure: The frequency with which each algorithm is selected in the ideal
portfolio and in the constructed portfolio !

OCASS OCASS

mCPLEX] mCPLEX]

1 eyton-Brown, K., et al. Empirical Hardness Models for Combinatorial
Auctions, 05



Portfolio-based Algorithm Selection for SAT

» No single "dominant” SAT solver; different solvers perform
best on different instances

» Make this decision online on a per-instance basis

SATzilla'? an automated approach for constructing
per-instance algorithm portfolios for SAT that use empirical
hardness models to choose among their constituent solvers

» SAT algorithms: tree-search algorithms, LS, resolution-based
approaches

12Xu et al. SATzilla: portfolio-based algorithm selection for SAT, 2008



Algorithm selection vs. algorithm configuration

» Algorithm selection operates on finite (small) sets of
algorithms.

Algorithm configuration operates on the combinatorial space
of an algorithm's parameter settings.

» AClib a benchmark library for instances of the Algorithm

Configuration problem http://aclib.net
ASlib a benchmark library for Algorithm Selection
http://www.coseal.net/aslib/

» experiments on AClib - more costly than experiments on ASlib

» ASlib and AClib can be combined

» generate actual performance data based on the resources in
AClib, and

» then create an ASlib scenario which selects between different
solver configurations on a per-instance basis.


http://aclib.net
http://www.coseal.net/aslib/
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