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Connectivity - Menger's theorem and applications

De�nition 1

Let G = (V ;E) be a (di)graph and X ;Y � V . A XY -path is any path

P in G from a vertex x 2 X to a vertex y 2 Y such that V (P) \X =

fxg and V (P) \Y = fyg.

We denote by P(X ;Y ;G) the set of all XY -paths in G . Note that if

x 2 X \Y then the path of length 0, P = fxg, is an XY -path.

Example
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XY -paths: (b, e, y), (c, f, x), and (a, g, y); an Y X-path: (y, f, b)

c
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Connectivity - Menger's theorem and applications

We say that the paths P1 and P2 are (vertex) disjoint if V (P1) \

V (P2) = ?.

Motivated by practical problems in communication networks, and

also by the theoretical study of (di)graph connectivity, we are inter-

ested in �nding a maximum cardinality set of disjoint XY -paths.

We denote by p(X ;Y ;G) the maximum number of disjoint XY -

paths in G .

The theorem which reveals this number was established by Menger

(1927) and represents one of the fundamental results in Graph The-

ory.
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Connectivity - Menger's theorem and applications

De�nition 2

Let G = (V ;E) be a (di)graph and X ;Y � V . A XY -separating set

in G is any subset Z � V such that

V (P) \ Z 6= ?; for each P 2 P(X ;Y ;G):

We denote by

S(X ;Y ;G) = fZ : Z is XY � separating set in Gg and

k(X ;Y ;G) = min fjZ j Z 2 S(X ;Y ;G)g

From the de�nition we easily get:

If Z 2 S(X ;Y ;G), then P(X ;Y ;G n Z ) = ?.

X ;Y 2 S(X ;Y ;G).
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Connectivity - Menger's theorem and applications

Example
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c

Z

A XY -separating set: Z = {g, e, d}

If Z 2 S(X ;Y ;G), then A 2 S(X ;Y ;G), 8A such that

Z � A � V .

If Z 2 S(X ;Y ;G) and T 2 S(Z ;Y ;G), then T 2 S(X ;Y ;G).
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Connectivity - Menger's theorem and applications

Theorem 1

Menger's theorem. Let G = (V ;E) be a (di)graph and X ;Y � V .

Then p(X ;Y ;G) = k(X ;Y ;G).

(i. e., the maximum number of disjoint XY -paths = the minimum

cardinality of an XY -separating set.)

Proof:

k(X ;Y ;G) > p(X ;Y ;G) = r . Let P1; : : : ;Pr disjoint XY -paths in

G ; Z \ V (Pi ) 6= ?, 8Z 2 S(X ;Y ;G). Since the paths Pi are vertex

disjoint:

jZ j >

∣∣∣∣∣Z \
Ç

r[

i=1

V (Pi )

å∣∣∣∣∣ = rX

i=1

jZ \V (Pi )j >
rX

i=1

1 = r :

Hence, jZ j > r , 8Z 2 S(X ;Y ;G); it follows that k(X ;Y ;G) > r .
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Connectivity - Menger's theorem and applications

k(X ;Y ;G) 6 p(X ;Y ;G). Omitted. (We will later show that 8G =

(V ;E) and 8X ;Y � V , 9k(X ;Y ;G) disjoint XY -paths in G using

�ows in a certain network.) �

Menger (1927) equivalently enounced the above theorem, using

internally-disjoint paths: P1;P2 2 Pst such that V (P1) \ V (P2) =

fs ; tg:

Theorem 2

Let G = (V ;E) be a (di)graph and s ; t 2 V , such that s 6= t , st =2 E .

There are k internally-disjoint paths from s to t in G if and only if there

exists at least one path from s to t in the (di)graph obtained from G

by removing any set of < k vertices di�erent from s and t .
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Connectivity - Menger's theorem and applications

Proof of equivalence:

Theorem 1 ) Theorem 2: take X = N+
G (s) (NG(s)) and Y = N�

G (t)

(NG(t)). p(X ;Y ;G) is the maximum number of internally-disjoint

paths from s to t in G . k(X ;Y ;G) is the minimum cardinality of

a set of vertices whose removal disconnects s and t .

b

b

b

b

b

b

b

b

X
Y

b
b

b

b

bb b ts

Theorem 2) Theorem 1: add two new vertices s and t to the (di)graph

G , and all (directed) edges from s to any vertex in X and from any

vertex in Y to t . The maximum number of internally-disjoint paths

from s to t in G is p(X ;Y ;G); the minimum cardinality of a set of

vertices whose removal disconnects s and t is k(X ;Y ;G). �
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Connectivity - Menger's theorem and applications

Applications: p-connectivity

A graph G is p-connected (p 2 N�) if either G = Kp , or jG j > p

and G nA is connected for any A � V (G) with jAj < p.

By Theorem 2, an equivalent characterization of the p-connectivity

is:

A graphG is p-connected (p 2 N�) if eitherG = Kp , or 8st 2 E(G)

there are p internally-disjoint paths from s to t in G .

The vertex connectivity number of the graph G , k(G), is the max-

imum p, for which G is p-connected.

It follows that, in order to compute k(G), we must �nd

min
st =2E(G)

p(fsg; ftg;G)

which can be determined in polynomial time using network �ows.
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Applications: König's theorem

A vertex-cover in a graph G is a set Z � V (G) of vertices such that

G �Z is a null graph (each edge of G has at least one extremity in

Z ).

A special case of the Theorem 1, is obtained when G is a bipartite

graph and X = S , Y = T are the two bipartite classes of G :

Theorem 3

(König, 1931) Let G = (S ;T ;E) be a bipartite graph. Then, the maxi-

mum cardinality of a matching in G is equal to the minimum cardinality

of a vertex-cover.

Proof: The maximum cardinality of a matching in G is p(S ;T ;G) =

k(S ;T ;G), by Theorem 1. Since a set of vertices is an ST -separating

set if and only if is a vertex-cover, the Theorem 3 is proved. �
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Applications: Hall's theorem

Let I and S be non-empty �nite sets. A family of subsets of S

(indexed by I ) is a map A : I ! 2S , where A(i) = Ai . We will

denote A = (Ai )i2I and (using the functional notation) A(J ) =[

j2J

Aj (for J � I ).

A representative function for the family A = (Ai )i2I is any function

rA : I ! S with the property rA(i) 2 Ai , 8i 2 I ; then, (rA(i))i2I
is called a system of representatives for A.

If the representative function, rA, is injective, then rA(I ) is a subset

of S and is called a system of distinct representatives for A, or a

transversal of A.

The central problem in the Transversal Theory is to characterize

the families that admit transversal (with some properties). Hall's

Theorem (1935) is the �rst result of this type.
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Theorem 4

(Hall, 1935) The family A = (Ai )i2I of subsets of S has a transversal if

and only if

(H) jA(J )j > jJ j;8J � I :

Proof: ")" If rA is an injective representative function for A, then

rA(J ) � A(J ), 8J � I . Hence, rA being injective, jA(J )j > jrA(J )j =

jJ j.

"(" Let GA = (I ;S ;E) be the bipartite graph associated to A (if

I \ S 6= ?, we can consider disjoint isomorphic copies of these sets),

where E = fis ji 2 I ; s 2 Aig. Note that NGA(i) = Ai . Moreover, A

has a transversal if and only if GA has a matching of cardinality jI j.
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Proof of Hall's Theorem (cont'd): We show that if the condition (H)

holds, then any vertex-cover of GA has at least jI j vertices, and - by

Konig's Theorem - GA has a matching of cardinality jI j (I itself is a

vertex cover of GA).

Let X = I 0 [ S 0 � I [ S be a vertex cover in GA: it follows that

NGA(I n I
0) � S 0, that is, A(I n I 0) � S 0. Then,

jX j = jI 0j+ jS 0j > jI 0j+ jA(I n I 0)j:

Since (H) holds, it follows that

jX j > jI 0j+ jA(I n I 0)j > jI 0j+ jI n I 0j = jI j: �
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Applications: Dirac's theorem (p-connected graphs structure)

Lemma 1

Let G = (V ;E) be a p-connected graph of order jG j > p + 1, U � V ,

jU j = p and x 2 V nU . Then there are p xU -paths such that any pair

of them has x as the only common vertex.

Proof: Let G 0 = (V [ fzg;E 0), where E 0 = E [ fzu : u 2 Ug.

b

b

b

b

b

bb

b
b

b

b b

b

G

U
x z
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Connectivity - Menger's theorem and applications

Applications: Dirac's theorem (p-connected graphs structure)

Then, G 0 is a p-connected graph. Indeed, let A � V (G 0) with jAj 6

p � 1. If A � V (G), then G 0 � A is connected (by the p-connectivity

of G , G �A is connected; since jAj < p, 9u 2 U nA and, hence, there

exists the edge zu 2 E(G 0 �A). If z 2 A, then G 0 �A = G �A which

is connected.

The lemma now follows by applying Theorem 2 to the graph G 0 and the

pair x ; z . �

Proposition 1

Let G = (V ;E) be a p-connected graph, p > 2. Then, for every two

edges e1 and e2 of G and for every, x1; : : : ; xp�2, p � 2 vertices of G ,

there exists a cycle in G containing all of them.

Graph Algorithms - Lecture 5 October 31, 2025 16 / 45



C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Connectivity - Menger's theorem and applications

Proof: Induction on p.

For p = 2, we must prove that in a 2-connected graph, G , every two

edges e1 and e2 belong to a cycle. Let G 0 be the graph obtained from

G by inserting one vertex a on e1 and one vertex b on e2:

b
b

bb
b

b

bb

b

b

b

b b

b b

b b

b
e1

e2

a

b

G G′

G 0 is 2-connected (any deleted subgraph G 0 � v is connected). Hence,

there are two internally-disjoint paths from a to b, giving the cycle in

G containing e1 and e2 (after removing a and b).
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In the inductive step, let p > 3, suppose that the proposition holds

for every p0-connected graph with 2 6 p0 < p, and consider a p-

connected graph G , two of its edges, e1 and e2 and a set of p � 2

vertices fx1; x2; : : : ; xp�2g.

We can suppose that no extremity v of e1; e2 belongs to the set

fx1; x2; : : : ; xp�2g (otherwise, we can apply the induction hypothesis to

infer that in G - which is also (p � 1)-connected - there exists a cycle

C containing e1; e2 and the set of vertices fx1; x2; : : : ; xp�2g n fvg; but,

clearly v is a vertex of C since e1 and e2 are edges of C ).

The graph G � xp�2 is (p � 1)-connected. By the induction hypothesis,

there exists a cycle � containing x1; x2; : : : ; xp�3, e1 and e2. Let Y be

the set of vertices of �. Clearly, jY j > p (to the set of p � 3 vertices

x1; x2; : : : ; xp�3, we add at least three extremities of the distinct edges

e1 and e2). By Lemma 1, there are p xp�2Y -paths such that any pair

of them has xp�2 as the only common vertex.
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Let Pxp�2y1 ;Pxp�2y2 ; : : :Pxp�2yp be these paths, where the ordering

y1; : : : ; yp is obtained by performing a traversal of �.

The vertices y1; : : : ; yp split the cycle � in the paths Py1y2 ,

Py2y3 ; : : : ;Pyp�1yp , Pypy1 :

b

b

b

b

b

b b

b

xp−2

y1

yp

yi

y2
µ

At least one of the above paths doesn't contain any element from the

set x1; x2; : : : ; xp�3, e1 and e2 (by the pigeon hole principle).

Let Py1y2 be this path (otherwise, we appropriately change the ordering

of yi ).
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Then,

Pxp�2y2 ;Py2y3 ; :::;Pypy1 ;Py1xp�2

is the cycle in G containing x1; x2; : : : ; xp�2, e1 and e2. �

Theorem 5

(Dirac, 1953) Through any p > 2 vertices of a p-connected graph passes

a cycle.

Proof: LetG = (V ;E) be a p-connected graph, p > 2. Let x1; x2; : : : ; xp
be p vertices of G . Since G is connected, there exist the edges e1 =

xxp�1 and e2 = yxp . Then, the theorem follows from Proposition 1. �
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A nice application of Theorem 5 and Proposition 1 is the next Hamilto-

nian su�cient condition given by Erdös and Chvatal.

Theorem 6

(Erdös-Chvatal, 1972) Let G = (V ;E) be a p-connected graph. If

�(G) 6 p then G is a Hamiltonian graph.

Proof: Suppose, by contradiction, that G is not Hamiltonian. Let C be

the set of vertices of a longest cycle in G .

By Dirac's Theorem, jC j > p and, by our assumption, there exists a

vertex v 2 V (G) nV (C ) 6= ?.
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Since jC j > p we can repeat the argument in the proof of the Proposition

from above in order to prove that there are Pvv1 , Pvv2 ; : : : ;Pvvp , p vC -

paths pairwise meeting just in v and with extremities vi numbered in

the order they are met during a traversal of the cycle C .

Let us denote by wi the successor vertex of vi on the cycle.

b

b

b

b

b

b

v

v1

vj

vi

v2

C

b

wj

w1

w2

wi

b

b

Note that vwi =2 E (otherwise, the cycle vwi ;wi ;C n fwivig;Pviv is

longer than C , contradiction).
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Since �(G) 6 p, the set fv ;w1;w2; : : : ;wpg is not a stable set, and by

the above remark, it follows that there is an edge wiwj 2 E .

But then, Pvvi , the converse of path from vi to wj on the cycle, the edge

wjwi , the path from wi to vj on the cycle, and the path Pvj v give a cycle

longer than C , contradiction). �
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Trees - Basics

A tree is a connected graph without cycles.

Theorem 7

Let G = (V ;E) be a graph. Then the following statements are equiva-

lent:

(i) G is a tree (is connected and has no cycle).

(ii) G is connected and it is minimal with this property.

(iii) G has no cycle and is maximal with this property.

Proof: Is omitted. �

The minimality and maximality in the above statements are given with

respect to the inclusion relation on the family subsets of edges. More

precisely, the above (ii) and (iii) statements means:
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Trees - Basics

(ii) G is connected and 8e 2 E , G � e is not connected.

(iii) G has no cycle and 8e =2 E , G + e has a cycle.

De�nition

Let G = (V ;E) be a (multi)graph. A spanning tree of G is a spanning

subgraph of G , T = (V ;E 0) (E 0 � E), which is a tree. We denote by

TG the set of all spanning trees of G .

Remarks

1. TG 6= ? if and only if G is connected. Indeed, if TG 6= ?, then there

is a spanning tree T = (V ;E 0) of G . T is connected, hence between

any two vertices of G there is a path P in T . Since E 0 � E , P is a path

in G , therefore G is connected.
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Conversely, if G is connected, then let us consider the following algo-

rithm:

T  G ;

while (9e 2 E(T ) such that T � e is connected) do

T  T � e ;

By construction, T is a spanning subgraph of G , and the statement (ii)

in the Theorem 7 is ful�lled, therefore it is a tree.

2. Another constructive proof is based on the remark that there exists

a crossing-edge between the two classes of any bipartition of V : 9e =

v1v2 2 E with vi 2 Vi , i = 1; 2.

If jV j = n > 0, then the following algorithm constructs a spanning tree

of the connected graph G = (V ;E):
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Trees - Basics

k  1; T1  (fvg;?); // v 2 V

while (k < n) do

let xy 2 E with x 2 V (Tk ); y 2 V nV (Tk );

// such an edge exists by the conectedness of G

V (Tk+1) V (Tk ) [ fyg;

E(Tk+1) E(Tk ) [ fxyg;

k ++;

Clearly, Tk is a tree 8k = 1;n (inductively, if Tk is a tree then, by

construction, Tk+1 is connected and has no cycle). Moreover, we have

jV (Tk )j = k and jE(Tk )j = k � 1, 8k = 1;n .

3. If this construction is applied to a tree G with n vertices, we obtain

thatG has n�1 edges. This property can be used to extend the Theorem

7 with other characterizations of a tree:
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Theorem 8

The following statements are equivalent for a graph G = (V ;E) with n

vertices:

(i) G is a tree.

(ii) G is connected and has n � 1 edges.

(iii) G has no cycles and has n � 1 edges.

(iv) G = Kn for n 2 f1; 2g and G 6= Kn for n > 3 and G + e has

exactly one cycle, for every edge e =2 E .

Proof: Omitted. �
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Trees - Counting spanning trees

Let G = (V ;E) be a multi-graph with V = f1; 2; : : : ;ng, and adjacency

matrixA = (aij )n�n (aij =multiplicity of edge ij if ij 2 E , 0 otherwise).

Let

D = diag(dG(1);dG(2); : : : ;dG(n)) =

á
dG(1) 0 : : : 0

0 dG(2) : : : 0
...

...
. . .

...

0 0 : : : dG(n)

ë
:

The Laplacian matrix of G is de�ned as:

L[G] = D� A:

Note that the sum of the entries in L[G] on every row and every column

is 0. We denote by L[G ]ij the minor of the matrix L[G ] obtained by

removing the ith row and j th column.
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Trees - Counting spanning trees

Theorem 9

Matrix-tree Theorem (Kirchho�-Trent). Let G be a (multi)graph with

vertex set f1; : : : ;ng and Laplacian matrix L[G ]. Then, the number of

spanning trees of G is: jTG j = det(L[G]ii ), 81 6 i 6 n .

Proof: Omitted. �

Corollary

(Cayley's formula). jTKn j = nn�2.

Proof:

L[Kn ] =

á
n � 1 �1 : : : �1

�1 n � 1 : : : �1
...

...
. . .

...

�1 �1 : : : n � 1

ë
:
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Trees - Counting spanning trees

Hence:

det(L[Kn ]11) =

∣∣∣∣∣∣∣∣∣∣
n � 1 �1 : : : �1

�1 n � 1 : : : �1
...

...
. . .

...

�1 �1 : : : n � 1

∣∣∣∣∣∣∣∣∣∣
If we add all the lines to the �rst one we get∣∣∣∣∣∣∣∣∣∣

1 1 : : : 1

�1 n � 1 : : : �1
...

...
. . .

...

�1 �1 : : : n � 1

∣∣∣∣∣∣∣∣∣∣
= nn�2: (Why?)

�
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Exercises for the 6th seminar

Exercise 1. Let G = (V ;E) be a connected graph and v 2 V such that

NG(v) 6= V n fvg. For X � V we denote NG(X ) =

(
[

v2X

NG(v)

)
nX .

Clearly, the set A = fvg satis�es the following conditions

(i) v 2 A and [A]G is connected.

(ii) N = NG(A) 6= ?.

(iii) R = V n (A [N ) 6= ?.

(a) Show that, if A � V is any maximal (w.r.t "�") set of vertices

satisfying (i) - (iii), then 8x 2 R and 8y 2 N we have xy 2 E .

(b) Prove that if A is as in (a) and G is fCkgk>4-free, then N is a

clique in G .

(c) Deduce that Kn (n 2 N�) are the only regular, chordal connected

graphs.
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Exercises for the 6th seminar

Exercise 2. A graph of order at least three is called con�dentially con-

nected if, for every three distinct vertices a ; b and c, it exists a path from

a to b such that c di�ers and is not adjacent with the internal nodes (if

any) of this path. (An example of con�dential connected graph is the

complete graph Kn , with n > 3.)

Show that a connected, incomplete graph, G = (V ;E), with at least

three vertices is con�dential connected if and only if:

(i) for every v 2 V , NG(v) 6= ? and induces a connected subgraph;

(ii) any edge of G is part of an induced C4 or is a mid-edge of an

induced P4.

Exercise 3. Prove that a connected p-regular bipartite graph is 2-

connected.
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Exercises for the 6th seminar

Exercise 4. Let G = (V ;E) be a digraph. Prove that:

(a) G is strongly connected if and only if for every S ( V , S 6= ?,

there exists an arc leaving S .

(b) If G is strongly connected and can be disconnected by removing at

most p arcs (i. e., 9A � E , jAj 6 p such that G�A is not strongly

connected), then G can be disconnected by reversing at most p arcs

(that is 9B � E , jB j 6 p such that G 0 = (V ; (E nB)[fuv : vu 2

Bg) is not strongly connected).

Exercise 5. Let G be a 2-edge-connected graph (G � e is connected,

8e 2 E(G)). De�ne the following binary relation e � f if e = f or

G � fe ; f g is not connected.

(a) Prove that e � f if and only if e and f belong to the same cycles.

(b) Show that an equivalence class [e ]� is included in a cycle.

(c) By removing the edges of an entire equivalence class [e ]� the con-

nected components of the remaining graph are 2-edge-connected.
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Exercises for the 6th seminar

Exercise 6.

(a) Let G be a graph with at least 3 vertices. If G is 2-connected, then

we can orient its edges in such a way that the resulting oriented

graph is strongly connected.

(b) Is the converse true?

Exercise 7.

(a) Let G be an incomplete 2-connected graph and xy 2 E(G). Prove

that G � xy or G jxy is 2-connected.

(b) Give examples of graphs G and edges xy 2 E(G) such that: (b1)

G � xy and G jxy are both 2-connected; (b2) G � xy is not 2-

connected and G jxy is 2-connected; (b3) G�xy is 2-connected and

Gjxy is not 2-connected;
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Exercises for the 6th seminar

Exercise 8. For a given connected graph G we perform the following

algorithm:

Q  fGg; // Q is a queue;

while (Q 6= ?) }

H  pop(Q);

let A � V (H ) a minimal cut-set in H ;

let G1; : : : ;Gk the connected components of H �A;

for (j = 1 to k)

push(Q; [A [V (Gj )]G);

}

Observe that if G is a complete graph, then in Q we do not push any other graph.

a) Show that any graph which is pushed in Q is a connected one.

b) Prove that the total number of graphs pushed in the queue Q is at

most jG j2.
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Exercises for the 6th seminar

Exercise 9. Let G = (V ;E) be a connected graph and T1;T2 be two

spanning trees of G (T1;T2 2 TG).

(a) Prove that T1 can be transformed into T2 by repeatedly applying

the following operation: remove an edge and add another edge to

the current tree.

(b) If, in addition, G is 2-connected show that T1 can be transformed

into T2 by repeatedly applying the following operation: remove an

edge uv and add another edge uw to the current tree.

Exercise 10. Prove that the set of edges of a complete graph Kn (n > 2)

can be partitioned in dn=2e subsets each representing the set of edges

of a tree (subgraph in Kn).
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Exercises for the 6th seminar

Exercise 11. Let n be a positive integer and Gn = (V ;E) the graph

with:

- V = f(i ; j ) : 1 6 i ; j 6 ng;

- (i ; j )(k ; l) 2 E (for (i ; j ) 6= (k ; l) from V ) if and only if i = l or

j = k .

Show that Gn is universal for the trees of order n : for any tree T of

order n , 9A � V such that T �= [A]Gn .

Exercise 12. Prove that a tournament is strongly connected if and only

if it contains a Hamiltonian cycle.
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Exercises for the 6th seminar

Exercise 13. We consider the street network of a given city. Prove that

if we can remove all the cycles in this network by creating at most p

blockings (blocking means obstructing one way of a street), then we can

remove all the cycles in the city network by reversing one way of at most

p streets.

(Reversing one way of a given two ways street means to transform it into

a one-way-street; reversing an one-way-street means to transform it into

the other one-way-street.)

Exercise 14. How many spanning trees has a complete bipartite graph

Kn ;n? Same question for Kp;q .

Exercise 15. Prove that graph with at least three vertices is 2-connected

if and only if any two distinct vertices belong to a cycle.
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Trees - Generating TG

We describe a simple backtracking method to generate all spanning

trees of a connected graph G = (V ;E), where V = f1; : : : ;ng,

jE j = m .

The set of edges, E , will be represented as an array E [1::2; 1::m ]

having entries from V , with the meaning: if v = E [1; i ] and w =

E [2; i ], then vw is the ith edge of G. Furthermore, we assume

that the �rst dG(v0) columns in the array E have v0 in the row 1

(E [1; i ] = v0, 8i = 1; dG(v0)), for v0 2 V .

b b

b b

b
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y z
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v

x x

v y
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Trees - Generating TG

A spanning treeT 2 TG will be represented as an set of n�1 indexes

(in increasing order) of the columns in the array E (designating its

edges).

During the generation, we maintain a vector T [1::n � 1] with en-

tries from f1; : : : ;mg and a �ag i 2 f1; : : : ;ng with the following

meaning:

We are searching for all spanning trees of G, with the property that

the smallest i � 1 edges are: T [1] < T [2] < : : : < T [i � 1].

In the above example, if i = 3, T [1] = 1, and T [2] = 2, then

the spanning trees which must be found are f1; 2; 3; 4g, f1; 2; 3; 5g,

f1; 2; 4; 5g, f1; 2; 4; 6g, and f1; 2; 5; 6g. But, if i = 3, T [1] = 3, and

T [2] = 5 then no spanning tree will be found.
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Trees - Generating TG

ALL-ST-Gen(i)

//we generate all spanning trees of G , with the smallest i � 1 edges: T [1]; : : : ;T [i � 1]

if (i = n) then

// fT [1]; : : : ;T [n � 1]g is a spanning tree

process(T ); // print, store etc

else

if (i = 1) then

for (j = 1; dG(v0)) do

T [i ] j ; A All-ST-Gen(i + 1); B

else

for (j = T [i � 1] + 1;m � (n � 1) + i) do

if (hfT [1]; : : : ;T [i � 1]g [ fj giG has no cycle) then

T [i ] j ; A All-ST-Gen(i + 1); B
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Trees - Generating TG

By the call All-ST-Gen(1) we obtain TG .

To test if the graph hfT [1]; : : : ;T [i � 1]g [ fj giG has no cycle, let

us observe that, by construction,

hfT [1]; : : : ;T [i � 1]giG

has no cycle, hence it is a forest (each connected component is a

tree).

Let root [1::n ] be a (global) vector with entries from V and the

meaning: root [v ] = the root of the connected component containing

v (one of its vertices).

Before the call All-ST-Gen(1), the vector root is initialized to satisfy

this property: root [v ] v (8v 2 V ) (since then, fT [1]; : : : ;T [i �

1]g = ?).
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Trees - Generating TG

During the recursive calls, when we test if the edge j can be added to

the set fT [1]; : : : ;T [i �1]g without creating a cycle, let v = E [1; j ]

and w = E [2; j ]. Then,

hfT [1]; : : : ;T [i�1]g[fj giG has no cycle if and only if v and w are in

di�erent connected components of the forest, i.e., root [v ] 6= root [w ].

In order to maintain the vector root, in the places marked A and B

in the algorithm, we must make the following changes.

Instead of A:

S  ?; x  root [v ];

for (u 2 V ) do

if (root [u ] = x ) then

S  S [ fug; root [u ] root [w ];

Graph Algorithms - Lecture 5 October 31, 2025 44 / 45



C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Trees - Generating TG

In other words all vertices in the tree with the root x are added to

the tree with the root root [w ]; these vertices are saved in the set S .

After the call All-ST-Gen(i + 1), the vector root must be set again

to the value before the call, and this can be done by replacing B

with:

for (u 2 S) do

root [u ] = x ;
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