
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Graph Algorithms - Lecture 10

December 12, 2025

Graph Algorithms - Lecture 10 December 12, 2025 1 / 45



C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Table of contents

1 Network �ows

Minimum cost �ows

2 Polynomial-time reductions for graph problems

Maximum stable set

Vertex colorings

Hamiltonian problems

3 Exercises for the 11th seminar (december 15 - 19 week)

Graph Algorithms - Lecture 10 December 12, 2025 2 / 45



C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Minimum cost �ows

Suppose that in the �ow network R = (G ; s ; t ; c), an additional cost

function is given: a : E ! R; 8ij 2 E , a(ij ) = aij is the cost of arc ij

(interpreted as the cost of sending of an "unit" of �ow on the arc ij ).

If x is a �ow in R, then the cost of x is

a(x) =
X

i;j

aijxij:

Minimum cost �ow problem

Given: R a �ow network, a : E ! R a cost function, and v 2 R+,

Find: a �ow x 0 in R such that

a(x 0) = min fa(x ) : x �ow in R; v(x ) = vg:

Note that, if v is not greater than the maximum �ow value in R, then

the problem has always solutions (a(x ) is a linear function de�ned on

the non-empty compact set in Rm+1 of all �ows of value v).
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Minimum cost �ows - Examples

1. Assignment Problem. There are n workers and n jobs. The cost of

assigning worker i to job j is aij . Assign each worker to a job such that

the total cost is minimized.

Let us consider the bipartite network �ow depicted below, where each

arc is labeled with its capacity followed by its cost. Hence, cij 0 = 1,

csi = 1, asi = 0, cj 0t = 1, and aj 0t = 0, 8i ; j 2 f1; 2; : : : ;ng.

b
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Minimum cost �ows

A minimum cost integer �ow of value n is a solution of the problem.

Similarly, we can �nd a perfect matching of minimum weight in a bipar-

tite graph.

2. Hitchcock-Koopmans transportation problem. A commodity, avail-

able in the depots D1; : : : ;Dn in quantities d1; : : : ; dn , is demanded by

customers C1; : : : ;Cm in quantities c1; : : : ; cm . The unit transportation

cost, aij - from the depot Di to the customer Cj , 8i 2 f1; : : : ;ng,8j 2

f1; : : : ;mg - is known.

Find a transportation schedule satisfying all customers demands and

having a minimum total transportation cost.
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Minimum cost �ows

The problem has a solution only if
nX

i=1

di >

mX

j=1

cj . In this case, a mini-

mum cost �ow of value v =
mX

i=1

ci , in the network �ow below, solves the

problem.

b bs t
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d2, 0
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b
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b

b

b

b
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Minimum cost �ows

De�nition

Let x be a �ow in R = (G; s ; t ; c) and a : E ! R a cost function.

If P is an A-path in R w.r.t. x , then the cost of the path P is

de�ned as

a(P) =
X

ij2E(P);ij forward

aij �
X

ij2E(P);ji backward

aji

If C is a closed A-path in R w.r.t. x , then a(C ) is computed using

the above equation, after establishing a direction of traversal of C

(it is possible that C is an A-path w.r.t. x in both directions).

Remarks

If P is an augmenting path w.r.t. x , then x 1 = x 
 r(P) is a �ow

of value v(x 1) = v(x )+ r(P) and cost a(x 1) = a(x )+ r(P) � a(P).
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Minimum cost �ows

Remarks

If C is a closed A-path in R w.r.t. x , then x 1 = x 
 r(C ) is a �ow

of value v(x 1) = v(x ) and cost a(x 1) = a(x ) + r(C ) � a(C ). It

follows that if a(C ) < 0 then x 1 is a �ow of the same value as x

but of cost a(x 1) < a(x ).

Theorem 1

A �ow x of value v is a minimum cost �ow if and only if there is no

negative cost closed A-path w.r.t. x in R.

Proof. ")" It follows from the above remark.

"(" Let x be a �ow (of value v) such that there is no negative cost

closed A-path w.r.t. x in R. Let x � be a minimum cost �ow of value v

such that

�(x ; x �) = min f�(x ; x 0) : x 0 minimum cost �ow of value vg;

where �(x ; x 0) = jfij 2 E : xij 6= x 0ij gj.
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Minimum cost �ows

If �(x ; x �) = 0, then x = x �, hence x is a minimum cost �ow.

Otherwise, �(x ; x �) > 0 and there is ij such that xij 6= x �ij . Suppose

0 6 xij < x �ij 6 cij (a similar argument works if xij > x �ij ). By the �ow

conservation law, there exists an arc jk 2 E such that 0 6 xjk < x �jk 6

cjk , or there is kj 2 E such that 0 6 x �kj < xkj 6 ckj .

Since the number of vertices is �nite, by repeating this argument, we

construct, C , a closed A-path w.r.t. x in R:
i

j

k

t

v

xij < x∗
ij

xjk < x∗
jk

xvj < x∗
vj

x∗
tk < xtk

C

b

b

b
b

b

b
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Minimum cost �ows

If we traverse C in the converse direction, we obtain a closed A-path,

C 0, w.r.t. x �. Since a(C ) > 0 (by the hypothesis), and a(C 0) = �a(C )

it follows that a(C ) = 0. (x � is of minimum cost; hence, by the �rst

part of the proof, a(C 0) > 0).

If we consider x 0 = x � 
 �(C 0), where

�(C 0) = min

ß
min

kj forward in C 0

(xkj � x �kj ); min
kj backward in C 0

(x �jk � xjk )

™
;

then x 0 satis�es v(x 0) = v(x �) = v , a(x 0) = a(x �) + �(C 0) � a(C 0) =

a(x �).

Hence x 0 is a minimum cost �ow of value v , but �(x ; x 0) < �(x ; x �),

contradicting the choice of x �. Thus �(x ; x �) = 0, and the theorem is

proved. �
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Minimum cost �ows

Theorem 2

If x is a minimum cost �ow of value v and P0 is an augmenting path

w.r.t. x such that

a(P0) = min fa(P) : P augmenting path w.r.t. xg;

then x 1 = x 
 r(P0) is a minimum cost �ow of value v(x 1) = v + r(P0).

Proof. Omitted.

An augmenting path of minimum cost can be found using shortest paths

algorithms. If x is a �ow in R and a : E ! R is the cost function, then

taking aij =1 if ij =2 E (when xij = 0), we de�ne
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Minimum cost �ows

a ij =


aij ; if xij < cij and xji = 0;

min faij ;�ajig; if xij < cij and xji > 0;

�aji ; if xij = cij and xji > 0;

+1; if xij = cij and xji = 0:

A shortest a st -path corresponds to a minimum cost augmenting path

w.r.t. x in R, and a negative a cycle corresponds to a negative cost

closed A-path w.r.t. x in R.

Then, we have the following algorithm to solve the minimum cost �ow

problem:
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Minimum cost �ows - A generic algorithm (Klein, Busacker, Gowan etc.)

let x be a �ow of value v 0 6 v ;

// x could be null or x = (v=v(y) � y ,

// where y is a �ow of maximum value.

while (9C an a negative cycle) do

x  x 
 r(C );

end while

while (v(x ) < v) do

�nd an shortest a st -path P ;

x  x 
min fr(P); v � v(x )g;

end while

The time complexity of the second while is O(n3v) (if we start with the

null �ow and if we have integer capacities only). The �rst while can be

implemented to run in O(nm2 logn) iterations.

Graph Algorithms - Lecture 10 December 12, 2025 13 / 45



C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Polynomial-time reductions for graph problems - Reminder

Reminder

Let Pi : Ii ! fyes ;nog (i 2 f1; 2g) be two decision problems.

P1 polynomial reduces to P2, and we denote this by P1 6P P2, if

there is a polynomial-time computable function � : I1 ! I2, such

that P1(i) = P2(�(i)), 8i 2 I1.

The function � will be given using an algorithm that constructs,

for every instance i1 2 I1, an instance i2 2 I2 in polynomial (in the

size of i1) time complexity, such that P1(i1) = yes if and only if

P2(i2) = yes .

The construction behind a polynomial-time reduction shows how

the �rst problem can be e�ciently solved using an oracle for the

second one.
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Polynomial-time reductions for graph problems - Reminder

The relation 6P is transitive on the set of decision problems (be-

cause the class of polynomial functions is closed to function com-

position).

Example

SAT 6P 3SAT

SAT

Instance: U = fu1;u2; : : : ;ung a �nite set of boolean variables;

C = C1 ^C2 : : : ^Cm a CNF formula over U :

Ci = vi1 _ vi2 _ : : : _ viki ; i = 1;m ; where

8ij ; 9� 2 f1; 2; : : : ;ng s. t. vij = u� or vij = u�:

Question: Is there an assignment t : U ! ftrue ; falseg s. t. t(C ) =

true?
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Polynomial-time reductions for graph problems - Reminder

3SAT is the restriction of SAT to the set of instances in which each

clause Ci has exactly 3 literals (ki = 3), where a literal, vij , as described

above, is a variable or its negation.

The SAT problem is famous since it was the �rst discovered NP-complete

problem (Cook, 1971).

NP
?

6= NP \ coNP
?
= P
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Polynomial-time reductions - Maximum stable problem

SM

Instance: G = (V ;E) a graph and k 2 N.

Question: Is there a stable set S in G such that jS j > k?

Theorem 3

(Karp, 1972). 3SAT 6P SM.

Proof. Let U = fu1;u2; : : : ;ung, (n 2 N
�), C = C1 ^C2 : : :^Cm (m 2

N
�) with Ci = vi1 _ vi2 _ vi3 , i = 1;m , (where 8ij ;9� 2 f1; 2; : : : ;ng

s. t. vij = u� or vij = u�) representing the data of an instance of the

3SAT problem.

We will build in O(n +m) time complexity, a graph G and k 2 N, such

that there is a satisfying assignment t for C if and only if there is a

stable set S in G such that jS j > k .
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Polynomial-time reductions - Maximum stable problem

Proof cont'd.

Construction of the graph G :

8i 2 f1; 2; : : : ;ng, let the disjoint graphs Ti = (fui ;u ig; fuiu ig).

8j 2 f1; 2; : : : ;mg, let the disjoint graphs

Zj = (faj1; aj2; aj3g; faj1aj2; aj2aj3; aj3aj1g).

8j 2 f1; 2; : : : ;mg, let the edge-set Ej = faj1vj1; aj2vj2; aj3vj3g,

where vj1 _ vj2 _ vj3 is the clause Cj .

V (G) =

Ç
n[

i=1

V (Ti )

å
[

(
m[

j=1

V (Zj )

)

E(G) =

Ç
n[

i=1

E(Ti )

å
[

(
m[

j=1

E(Zj ) [ Ej

)
:
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Clearly, the construction of G can be done in polynomial time w.r.t. the

size n +m of the 3SAT instance. Let k = n +m .

Example

U = fu1;u2;u3;u4g; C = (u1 _u3 _u4)^ (u1 _u2 _u4)^ (u2 _u3 _u4);

k = 4+ 3 = 7.

b b b b b b b b

b

b

b

b

b b b

b

b

u1 u1 u2 u2 u3 u3 u4 u4

a13

a11 a12 a21 a22

a23 a33

a31 a32
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Suppose that the answer of the problem SM for the above (G ; k) in-

stance is yes.

So, 9S 2 SG (the family of all stable sets in G) such that jS j > k . Since

any stable set can have at most one vertex from each V (Ti ) and each

V (Zj ), it follows that jS j = k and jS \ V (Ti )j = 1, jS \ V (Zj )j = 1,

8i = 1;n , 8j = 1;m .

Let t : U ! ftrue ; falseg given by

t(ui ) =

®
true ; if S \V (Ti ) = fu ig

false ; if S \V (Ti ) = fuig

Then, t(Cj ) = true , 8j = 1;m , hence t(C ) = true , and the answer of

3SAT is yes.

Indeed, 8j = 1;m , if Cj = vj1 _ vj2 _ vj3 and S \ V (Zj ) = fajkg

(k 2 f1; 2; 3g), then (since ajkvjk 2 E) it follows that vjk =2 S .

Graph Algorithms - Lecture 10 December 12, 2025 20 / 45



C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Polynomial-time reductions - Maximum stable problem

If vjk = u�, then u� =2 S , so u� 2 S , and - by the de�nition of

t - we have t(u�) = true , that is, t(vjk ) = true , which implies

t(Cj ) = true .

If vjk = u�, then u� =2 S , so u� 2 S , and - by the de�nition of

t - we have t(u�) = true , that is, t(vjk ) = true , which implies

t(Cj ) = true .

Conversely, if the answer of the 3SAT is yes, then 9t : U ! ftrue ; falseg

such that t(Cj ) = true , 8j = 1;m .

Let S1 be the stable set
n[

i=1

V 0

i with n vertices, where

V 0

i =

®
fu ig; if t(ui ) = trueg

fuig; if t(ui ) = falseg
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Polynomial-time reductions - Maximum stable problem

Then, since t(Cj ) = true , 8j = 1;m , it follows that there is kj 2 f1; 2; 3g

such that t(vjkj ) = true . Let S2 =
m[

j=1

fajkj g. Obviously, S2 is a stable

set in G having m vertices.

Let S = S1 [ S2. Obviously, jS j = n + m = k (hence jS j > k). If

we prove that S is a stable set, then the answer of SM for the instance

(G ; k) is yes.

Suppose that 9v ;w 2 S such that e = vw 2 E(G). Then one extremity

of e is in S1 and the other in S2. If v 2 S1, then we have two cases:

v = u�, w = ajkj , � 2 f1; 2; : : : ;ng, j 2 f1; 2; : : : ;mg, kj 2 f1; 2; 3g

and vjkj = u�.

Since t(vjkj ) = true , it follows that t(u�) = true , therefore v =

u� =2 S1, contradiction.

Graph Algorithms - Lecture 10 December 12, 2025 22 / 45



C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. 
Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * 
C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms 
* C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph 
Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - 
Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru 
- Graph Algorithms * C. Croitoru - Graph Algorithms * C. Croitoru - Graph Algorithms *

Polynomial-time reductions - Maximum stable problem

v = u�, w = ajkj , � 2 f1; 2; : : : ;ng, j 2 f1; 2; : : : ;mg, kj 2 f1; 2; 3g

and vjkj = u�.

Since t(vjkj ) = true , it follows that t(u�) = true , therefore t(u�) =

false . Hence, v = u� =2 S1, contradiction. �

Note that a similar proof can be given to prove SAT 6P SM, the only

di�erence is that the graphs Zi are complete graphs with ki vertices.
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Polynomial-time reductions - Vertex colorings

COL

Instance: G = (V ;E) graph and k 2 N�.

Question: Is there a k -coloring of (the vertices) of G?

Theorem 4

3SAT 6P COL.

This theorem shows that the vertex coloring problem is NP-hard. The

proof given below shows more: the problem, obtained from COL by

restricting only to instances with k = 3, is NP-hard, too.
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Polynomial-time reductions - Vertex colorings

Lemma 1

Let H be the graph

b

b b

b

b b

b

b

b

v1

v2

v3

v4

a) If c is a 3-coloring of H s. t. c(v1) = c(v2) = c(v3) = a 2 f1; 2; 3g,

then necessarily c(v4) = a (forcing).

b) If c : fv1; v2; v3g ! f1; 2; 3g satis�es c(fv1; v2; v3g) 6= fag, (a 2

f1; 2; 3g), then c can be extended to a 3-coloring c ofH with c(v4) 6=

a .
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Proof. By examining the list of 3-colorings of H .

We will use the following simpli�ed representation of the graph H :

h

v1

v2

v3

v4

Proof of Theorem 4. Let us consider the data of an instance of 3SAT:

U = fu1; : : : ;ung, (n 2 N
�), a set of boolean variables, and C = C1 ^

: : :^Cm , (m 2 N
�) a CNF-formula with Cj = vj1 _ vj2 _ vj3 , 8j = 1;m ,

where 8i = 1; 3, 9� s. t. vji = u� or vji = u�.

We will build a graph G with the property that G is 3-colorable if and

only if the answer of 3SAT for this instance is yes, that is, there is an

assignment t : U ! ftrue ; falseg such that t(C ) = true .
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Polynomial-time reductions - Vertex colorings

The construction needs polynomial time, and consists in the following

steps:
Consider the disjoint graphs (Vi ;Ei ), 8i = 1;n , where Vi =

fui ;u ig and Ei = fuiu ig.

For Cj = vj1 _ vj2 _ vj3 , 8j = 1;m , consider the graphs:

hj

vj1

vj2

vj3

aj

where, vjk (k = 1; 3) are the vertices corresponding to the literals

vjk , the graphs hj are disjoint, and aj are distinct vertices.

Consider a new vertex a , and all edges aaj , 8j = 1;m .

Consider a new vertex b, all edges bui , bu i , 8i = 1;n and ba .

The graph G has a linear number of vertices w.r.t. n +m .
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Polynomial-time reductions - Vertex colorings

Example

U = fu1;u2;u3;u4g, C = (u1_u2_u3)^ (u1_u3_u4)^ (u2_u3_u4).

The graph G is

b

b b b b b b b b

b

b

bb

u1
u1

u2 u2

b

a

u3

u3

u4

u4

a1 a2 a3

h1 h2 h3
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Polynomial-time reductions - Vertex colorings

Suppose that the answer of 3SAT for the considered instance is yes

Hence 9t : U ! ftrue ; falseg s. t. t(C ) = true , that is, t(Cj ) = true ,

8j = 1;m . We will show that G is 3-colorable.

We color, �rstly, vertices ui and u i , 8i1;n .®
c(ui ) = 1 and c(u i ) = 2; if t(ui ) = true

c(ui ) = 2 and c(u i ) = 1; if t(ui ) = false

Note that, if v is a literal, then c(v) = 2 if and only if t(v) = false .

Since t is a satisfying assignment, t(Cj ) = true , 8j = 1;m . It follows

that c(fvj1 ; vj2 ; vj3g) 6= f2g, 8j = 1;m .

By Lemma 1 b), we can extend c to a 3-coloring, in each graph hj , such

that c(aj ) 6= 2, that is c(aj ) 2 f1; 3g.

By taking c(a) = 2 and c(b) = 3, we obtain a 3-coloring of G .
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Polynomial-time reductions - Vertex colorings

Conversely, suppose that G is 3-colorable.

We can assume that c(b) = 3 and c(a) = 2 (otherwise, rename the

colors).

It follows that fc(ui ); c(u i )g = f1; 2g, 8i = 1;n and c(aj ) 2 f1; 3g,

8j = 1;m .

By Lemma 1 a), it follows that c(fvj1 ; vj2 ; vj3g) 6= 2, 8j = 1;m . This

means that, 8j = 1;m , there is a vjk 2 Cj such that c(vjk ) = 1.

Hence, de�ning t : U ! ftrue ; falseg by

t(ui ) =

®
true ; if c(ui ) = 1

false ; if c(ui ) = 2
;

we obtain an assignment with the property that t(Cj ) = true , 8j =

1;m .

Therefore the answer of 3SAT for the given instance is yes.
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Polynomial-time reductions - Hamiltonian problems

Remember: Let G be a (di)graph. A cycle C of G is a Hamiltonian

cycle if V (C ) = V (G).

On open path P of G is a Hamiltonian path if V (P) = V (G). A

Hamiltonian (di)graph is a (di)graph which has a Hamiltonian cycle. A

traceable (di)graph is a (di)graph which has a Hamiltonian path.

Theorem 5

(Nash-Williams, 1969) The following �ve problems are polynomial equiv-

alent:

CH: Given a graph G . Is G Hamiltonian?

TR: Given a graph G . Is G traceable?
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Polynomial-time reductions - Hamiltonian problems

DCH: Given a digraph G . Is G Hamiltonian?

DTR Given a digraph G . Is G traceable?

BCH: Given a bipartite graph G . Is G Hamiltonian?

Remark

P1 and P2 are polynomial equivalent if P1 6P P2 and P2 6P P1.

Proof of Theorem 5.

CH 6P TR Let G be a graph and v0 2 V (G). We construct in poly-

nomial time a graph H such that G is Hamiltonian if and only if H is

traceable.

Let V (H ) = V (G) [ fx ; y ; zg and E(H ) = E(G) [ fxv0; yzg [ fwy :

w 2 V (G) \NG(v0)g.
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Polynomial-time reductions - Hamiltonian problems

Proof of Theorem 5 cont'd.

b
b

b
b b

b
b b

b

b

b
b b

NG(v0)
NG(v0)

v0
v0

x

y

z

G H

Then, H is traceable if and only if it has a Hamiltonian path, P , with

extremities x and z (which have degree 1 in H ). P exists in H if and

only if in G there is a Hamiltonian path with an extremity in v0 and

the other a neighbor of v0, that is, if and only if G is Hamiltonian.
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Polynomial-time reductions - Hamiltonian problems

TR 6P CH Let G be a graph. Consider H = G + K1. Then, H is

Hamiltonian if and only if G has a Hamiltonian path.

b

G

G+K1

b
b b

The equivalence of the problems DCH and DTR can be proved in a

similar way.

CH 6P DCH Let G be a graph. Let D be the digraph obtained from

G by replacing each edge with a symmetric pair of arcs.
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Polynomial-time reductions - Hamiltonian problems

Clearly any cycle in G gives rise to a cycle in D and conversely, any

cycle in D gives rise to a cycle in G .

DCH 6P CH Let D be a digraph. Each vertex v 2 V (D) is replaced

by an undirected graph P3(v) with extremities av and bv :

P3(v) = (fav ; bv ; cv ; dvg; favcv ; cvdv ; dvbvg):

Each arc vw 2 E(D) is replaced by the (undirected) edge bvaw . Let G

be the graph obtained (in polynomial time) in this way:

b b

b

b b

b

v w

x

y z

b

b

b b
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b
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Polynomial-time reductions - Hamiltonian problems

Each cycle C of D corresponds to a cycle in G and conversely, each

cycle in G corresponds to a cycle of D . It follows that D is Hamiltonian

if and only if G is Hamiltonian.

Note that if C is a cycle of G , then this is generated by a cycle C 0 of

D , and length(C ) = 3 � length(C 0) + length(C 0) = 4 � length(C 0). It

follows that any cycle of G is even, therefore G is a bipartite graph.

Therefore the above proof (DCH 6P CH) is in fact DCH 6P BCH.

Since BCH 6P CH is obvious, the Theorem 5 is completely proved. �
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Memento

Memento

In order to prove that a certain decision problem is NP-complete:

I. On the one hand you have to show that the problem is in the class

NP which means: there exists a polynomial time certi�cate for a

any solution-candidate (for 3COL: given a function c : V (G)! N,

we can verify if c is a coloring and uses at most three colors in

O(n2)).

II. On the other hand we must polynomially reduce a known NP-

complete problem to our decision problem (for 3COL: e. g. 3SAT

which is known to be NP-complete can be polynomially reduced to

3COL).

If step II is checked, then the decision problem in sight is NP-hard.
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Exercises for the 11th seminar

Exercise 1. Show that the following problem is NP-complete

INT

Instance: n ;m 2 N�;A 2 Zm�n ; b 2 Zm .

Question: Is there an assignment x 2 Zn s. t. Ax 6 b?

(The inequality 6 between two vectors is componentwise.) Hint: You

can try SM 6P INT.

Exercise 2. Consider the following decision problem

ACYCLIC

Instance: G = (V ;E) a digraph and p 2 N.

Question: Is there A � V such that jAj 6 p and G �A doesn't contain

cycles?

Prove that SM 6P ACYCLIC.
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Exercises for the 11th seminar

Exercise 3. A k -uniform hypergraph is a pair H = (V ;E), where V 6= ?

is a �nite set, k 2 N� n f1g, and E � Pk (V ) = fA � E : jAj = kg. It

easy to see that a 2-uniform hypergraph is a simple graph.

We say that a k -uniform hypergraph H = (V ;E) is simple if there is a

function c : V ! f1; 2; : : : ; kg such that 8u ; v 2 V , u 6= v , if u ; v 2 e

for a certain e 2 E , then c(u) 6= c(v). Now we consider the following

decision problem

k -SIMPLE

Instance: H a k -uniform hypergraph.

Question: Is H simple?

(a) Prove that problem 3-SIMPLE is NP-complete.

(b) Show that problem 2-SIMPLE belongs to P.
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Exercises for the 11th seminar

Exercise 4. Consider the following decision problem:

AGM

Instance: G a graph, k 2 N.

Question: Has G a spanning tree T such that �(T ) > k?

Prove that AGM 2 P.

Exercise 5. Let D = (V ;E) a loopless digraph. A stable set of D ,

S � V , is a quasi-kernel if every vertex v 2 V nS can be accessed from

inside S along a path having length at most 2.

(a) Prove that a quasi-kernel can be constructed in O(n +m), where

n = jV j and m = jE j.

(b) Show that 3-SAT is polinomially reducible to the problem of �nding

out if in a given digraph it exists a quasi-kernel containing a given

vertex.
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Exercises for the 11th seminar

Exercise 6. Consider the following decision problem: LPL

Instance: G a graph, k 2 N.

Question: Has G a path P such that length(P) > k?

Prove that LPL is NP-complete.

Exercise 7. A kernel in a digraph G = (V ;E) is a stable set S � V such

that 8 u 2 V n S exists v 2 S with vu 2 E . We consider the following

decision problem:

KERNEL

Instance: G a digraph.

Question: Has G a kernel?

Prove that the following construction leads to a polynomial reduction of

SAT to KERNEL (i.e. SAT 6P KERNEL):
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Exercises for the 11th seminar

Exercise 7 (cont'd). For every conjuction of clauses, F , instance of SAT,

we de�ne a digraph G (an instance for NUCLEU):

- for each clause C of F we add a 3-cycle to G

v1
C ; v

1
C v

2
C ; v

2
C ; v

2
C v

3
C ; v

3
C ; v

3
C v

1
C ;

- for every variable x which occurs in formula F , we add a 2-cycle to

G

vx ; vxvx ; vx ; vxvx ; vx ;

- for every clause C and every literal u which occurs in C we add to

G three arcs

vuv
1
C ; vuv

2
C ; vuv

3
C :
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Exercises for the 11th seminar

Exercise 8. Consider the following decision problem

2SAT

Instance: C a family of clauses of exactly two literals each.

Question: There exists an assignment of truth to the variables which

satis�es all the clauses form C?

We de�ne G (the implication) digraph: V (G) = set of all literals used

in C and E(G) = fv jwj ;w j vj : Cj = vj _ wj ; j = 1;mg (each clause

introduces in G two arcs). Show that C is satis�able if and only if xi and

x i belong to di�erent strongly connected components of G , 8i = 1;n .

Show that this property can be tested in O(n +m) time complexity.

Exercise 9. Show that the following problem is NP-complete.

MAX-2SAT

Instance: C a family of clauses of at most two literals each and k 2 N.

Question: There exists an assignment of truth to the variables which

satis�es at least k clauses form C?
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Exercises for the 11th seminar

Exercise 10. Consider the following decision problem

NAE-3SAT

Instance: C a family of clauses of exactly three literals each.

Question: Is there a truth assignment to the variables such that each

clause has at least one true literal and at least one false literal?

Prove that the following construction leads to a polynomial reduction of

3SAT to NAE 3SAT (i.e. 3SAT 6P NAE 3SAT):

- we keep the boolean variables from 3SAT, U = fu1;u2; : : : ;ung

and add a new variable x ;

- for each clause Cj = vj1 _ vj2 _ vj3 we add a new variable yj and

we replace Cj by two clauses:

C 1
j = vj1 _ vj2 _ yj ;C

2
j = vj3 _ x _ y j :
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Exercises for the 11th seminar

Exercise 11. Consider the following decision problem

MAX-CUT

Instance: G = (V ;E) a graph, c : E ! R a weight on its edges, k 2 R.

Question: Is there a cut of G of weight at least k?

Prove that the following construction leads to a polynomial reduction of

NAE 3SAT to MAXCUT (i.e. NAE 3SAT 6P MAXCUT):

- consider an instance for NAE 3SAT problem with clauses

C = fC1; : : : ;Cmg over the set of boolean variables U =

fu1;u2; : : : ;ung; we can suppose that every clause contains three

di�erent literals,

- V (G) = fui ;u i : i = 1;ng and we add to E(G) the edges uiu i of

weight 10m ,

- for each clause Cj = vj1 _ vj2 _ vj3 we add to E(G) three edges:

vj1vj2 ; vj2vj3 , and vj1vj3 each of weight 1,

- k = 10nm + 2m .
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