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Minimum cost flows

Suppose that in the flow network R = (G, s, ¢, ¢), an additional

is given: a : B — R; Vij € E, a(1) = ay; is the cost of arc 4
(interpreted as the cost of sending of an "unit" of low on the arc zj).
If z is a low in R, then the

Note that, if v is not greater than the maximum flow value in R, then
the problem has always solutions (a(z) is a linear function defined on
the non-empty compact set in R™ ! of all flows of value v).
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Minimum cost flows - Examples

Let us consider the bipartite network flow depicted below, where each
arc is labeled with its capacity followed by its cost. Hence, c;: = 1,
csi=1, a4 =0, ¢y =1,and a;¢ =0, Vs,5 €{1,2,...,n}.
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A minimum cost integer flow of value n is a solution of the problem.
Similarly, we can find a perfect matching of minimum weight in a bipar-
tite graph.

2. Hitchcock-Koopmans transportation problem. A commodity, avail-
able in the depots Di, ..., D, in quantities dy, ..., d,, is demanded by
customers Ci, ..., Cp, in quantities ¢y, ..., ¢n. The unit transportation
cost, a;; - from the depot D; to the customer Cj, Vi € {1,...,n},V] €
{1,...,m} - is known.

Find a transportation schedule satisfying all customers demands and
having a minimum total transportation cost.




Minimum cost flows

n m
The problem has a solution only if » " d; > > ¢;. In this case, a mini-
1=1 =i

m
mum cost flow of value v = Z ¢;, in the network flow below, solves the
i=1
problem.

00, Apm
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Minimum cost flows

Definition
Let z be a flow in R = (G, s,t,c) and a : E — R a cost function.

@ If P is an A-path in R w.r.t. z, then the P ig
defined as

a(P) = > ay — > ai

yEE(P),y forward yEEB(P),5i backward

e If C is a closed A-path in R w.r.t. z, then a(C) is computed using
the above equation, after establishing a direction of traversal of C
(it is possible that C is an A-path w.r.t. z in both directions).

Remarks

e If P is an augmenting path w.r.t. z, then z! = z ® r(P) is a flow
of value v(z!) = v(z) + 7(P) and cost a(z!) = a(z)+ r(P)- a(P).
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e If C is a closed A-path in R w.r.t. z, then 2! = z ® r(C) is a flow
of value v(z!) = v(z) and cost a(z!) = a(z) + 7(C) - a(C). It
follows that if a(C) < 0 then z! is a flow of the same value as z
but of cost a(z!) < a(z).

T TS pat T T 7= TR teas T

A flow z of value v is a minimum cost flow if and only if there is no
negative cost closed A-path w.r.t. z in R.

Proof. "=" It follows from the above remark.

"<" Let z be a flow (of value v) such that there is no negative cost
closed A-path w.r.t. z in R. Let z* be a minimum cost flow of value v
such that

A(z,z*) = min {A(z,2') : z' minimum cost low of value v},
where A(z,2') = {1 € B : z; # z;;}|.
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Minimum cost flows

If A(z,z*) =0, then z = z*, hence z is a minimum cost flow.
Otherwise, A(z,z*) > 0 and there is 4 such that z;; # z;;. Suppose

0 < zy <z < ¢ (asimilar argument works if z;; > z7). By the flow
conservation law,

Since the number of vertices is finite, by repeating this argument, we
construct, C, a closed A-path w.r.t. z in R:

Graph Algorithms - Lecture 10

December 12, 2025 9 /45



Minimum cost flows

If we traverse C in the converse direction, we obtain a closed A-path,
C', w.r.t. z*. Since a(C) > 0 (by the hypothesis), and a(C') = —a(C)
it follows that a(C) = 0. (z* is of minimum cost; hence, by the first
part of the proof, a(C’) > 0).

If we consider z’ = z* ® §(C'), where

then z’ satisfies v(z') = v(z*) = v, a(z’) = a(z*) +4(C’) - a(C') =
a(z*).

Hence z’ is a minimum cost flow of value v, but A(z,z') < A(z, z*),
contradicting the choice of z*. Thus A(z,z*) = 0, and the theorem is
proved. O
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Minimum cost flows

Theorem 2

Omitted.
An augmenting path of minimum cost can be found using shortest paths

algorithms. If z is a low in R and a : £ — R is the cost function, then
taking a;; = 00 if 9 ¢ E (when z;; = 0), we define
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Minimum cost flows

A shortest @ st-path corresponds to a minimum cost augmenting path
w.r.t. z in R, and a negative a cycle corresponds to a negative cost
closed A-path w.r.t. z in R.

Graph Algorithms - Lecture 10 December 12, 2025 12 /45



Minimum cost flows - A generic algorithm (Klein, Busacker, Gowan etc.)

let z be a flow of value v’ < v;
// = could be null or z = (v/v(y) - v,
// where y is a flow of maximum value.
while (3C an @ negative cycle) do
z+—z®r(C);
end while
while (v(z) < v) do
find an shortest @ st-path P;
T+ z @min{r(P),v —v(z)};

end while
The time complexity of the second is O(n3v) (if we start with the
null flow and if we have integer capacities only). The first can be

implemented to run in O(nm?log n) iterations.
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Polynomial-time reductions for graph problems - Reminder

e Let P; : I, — {yes,no} (v € {1,2}) be two .

, and we denote this by , if
there is a , such
that

@ The function ¢ will be given using an algorithm that constructs,
for every instance %, € I;, an instance i, € I, in polynomial (in the
size of 7;) time complexity, such that P;(%;) = yes if and only if
Py(12) = yes.

@ The construction behind a polynomial-time reduction shows how
the first problem can be efficiently solved using an oracle for the
second one.
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Polynomial-time reductions for graph problems - Reminder

@ The relation <p is transitive on the set of decision problems (be-
cause the class of polynomial functions is closed to function com-
position).

Example
SAT <p 3SAT
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Polynomial-time reductions for graph problems - Reminder

3SAT is the restriction of SAT to the set of instances in which each
clause C; has exactly 3 literals (k; = 3), where a literal, v;;, as described
above, is a variable or its negation.
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Polynomial-time reductions - Maximum stable problem

Theorem 3

Let U ={w,uw,...,u}, (neN*), C=C,ANCs...ANCpp, (m €
N*) with C; = v;1 V v, V g, @ = 1, m, (where Vi;,3a € {1,2,...,n}
s. b v = uy Or vy = Uq) representing the data of an instance of the
3SAT problem.
We will build in O(n + m) time complexity, a graph G and k£ € N, such
that
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Polynomial-time reductions - Maximum stable problem

Construction of the graph G:
e Vi €{1,2,...,n}, let the disjoint graphs T; = ({w;, @;}, {w;u;}).
e V7 €{1,2,...,m}, let the disjoint graphs
Z; = ({ay1, a2, aj3}, {41 4j2, 452053, aj3051})-
o V5 €{1,2,...,m}, let the edge-set E; = {a;1v;1, aj2vj2, a;3V;3},
where v;1 V vj2 V 9,3 is the clause Cj.
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Polynomial-time reductions - Maximum stable problem

Example

U={{u,up,us,us}; C=(waVuzVw)A(U1VuVus)A(uzVusV u);
k=4+3=T.
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Polynomial-time reductions - Maximum stable problem

So, 35 € S (the family of all stable sets in G) such that |S| > k. Since
any stable set can have at most one vertex from each V(7T;) and each
V(Z;), it follows that |S| = k and |S N V(T})| =1, |SN V(Z)| =1,
Vi=1,n,V] =1m.

Let ¢t : U — {true, false} given by

L | true, SN V(T)={u}
t(w) = { false, if SN V(T;)={u}

Indeed, V4§ = 1, m, if C; = v1 VyaVwuzand SN V(Zj) = {ajk}
(k € {1,2,3}), then (since apvjx € E) it follows that
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Polynomial-time reductions - Maximum stable problem

o If v = Uy, then uy, ¢ S, 80 Uy € S, and - by the definition of
t - we have t(u,) = true, that is, t(v) = true, which implies
t(C;) = true.

o If v = Uq, then Uy ¢ S, s0 uy, € S, and - by the definition of
t - we have t(u,) = true, that is, ¢{(v) = true, which implies
t(C;) = true.

n
Let S1 be the stable set | ] V/ with n vertices, where
=1

Vi {u,}, if t(w;) = true}
T {wd, if t(u) = false}
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Polynomial-time reductions - Maximum stable problem

Then, since ¢(C;) = true, Vj = 1, m, it follows that there is k; € {1,2,3}

such that t(vj,) = true. Let So = U {ajt;}. Obviously, S is a stable
g=i

set in G having m vertices.

Let S = S; US,. Obviously, |S| = n+m = k (hence |S| > k). If

we prove that S is a stable set, then

Suppose that v, w € S such that e = vw € E(G). Then one extremity
of e is in S; and the other in S5. If v € S1, then we have two cases:

Since t(vj;) = true, it follows that ¢(un) = true, therefore v =
Uy ¢ S1, contradiction.
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Polynomial-time reductions - Maximum stable problem

Since t(vj,) = true, it follows that ¢(%.) = true, therefore ¢(us) =
false. Hence, v = U, ¢ Si, contradiction. [

Note that a similar proof can be given to prove SAT <p SM, the only
difference is that the graphs Z; are complete graphs with k; vertices.
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Polynomial-time reductions - Vertex colorings

Theorem 4

This theorem shows that the vertex coloring problem is NP-hard. The
proof given below shows more: the problem, obtained from COL by
restricting only to instances with k£ = 3, is NP-hard, too.
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Let H be the graph

.—Gi
V2 g 4

a) If c is a 3-coloring of H s. t. c(v1) = c(v2) = ¢(v3) = a € {1, 2,3},
then necessarily c(vs) = a (forcing).
b) If ¢ : {v, v, vs} — {1,2,3} satisfies c({v1, v, vs}) # {a}, (a €

{1,2,3}), then c can be extended to a 3-coloring ¢ of H with c(vs) #
a.




Polynomial-time reductions - Vertex colorings

By examining the list of 3-colorings of H.
We will use the following simplified representation of the graph H:

Let us consider the data of an instance of 3SAT:
U={w,...,un}, (n € N*), a set of boolean variables, and C = C; A
... A Cp, (m € N*) a CNF-formula with C; = v;, Vv, V v, V5 = 1, m,
where Vi = 1,3, Ja s. t. v;, = Uq OF Vj, = Uy.

We will build a graph G with the property that
, that is, there is an

assignment ¢ : U — {true, false} such that ¢(C) = true.
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Polynomial-time reductions - Vertex colorings

The , and consists in the following
steps: -
o Consider the disjoint graphs (V;, E;), Vi = 1,n, where V; =
{ui,ﬂi} and F,; = {uiﬂi}.
e For C; = v; V vj, V v, Vj = 1, m, consider the graphs:

Uja

Uja @

Ujs

where, v;, (k = 1,3) are the vertices corresponding to the literals
vj,, the graphs h; are disjoint, and a; are distinct vertices.

o Consider a new vertex a, and all edges aa;, Vj = 1, m.
o Consider a new vertex b, all edges bu;, bw;, V2 = 1,n and ba.

The graph G has a linear number of vertices w.r.t. n + m.
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Polynomial-time reductions - Vertex colorings

Example

U= {U]_,UQ,U3,'U,4}, C = (ﬂl\/ug\/u3)/\(u1\/u3 \/ﬂ4)/\(ﬂ2\/ﬂ3\/ﬂ4).
The graph G is
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Polynomial-time reductions - Vertex colorings

Hence 3t : U — {true, false} s. t. t(C) = true, that is, ¢(C}) = true,
V7 =1, m. We will show that G is 3-colorable.
We color, firstly, vertices u; and u;, Vi1, n.

c(u;) =1 and ¢(
c(u;) =2 and ¢(

u;) = 2,if t(u;) = true

w;) = 1,if t(u;) = false

Note that, if v is a literal, then c¢(v) = 2 if and only if ¢{(v) = false.
Since ¢ is a satisfying assignment, ¢(C;) = true, Vj = 1, m. It follows
that c({v]i’ Usa» Ujs}) #{2}, V5 = 1,m.

By Lemma 1 b), we can extend c to a 3-coloring, in each graph h;, such
that c(a;) # 2, that is c(a;) € {1, 3}.

By taking c(a) =2 and c(b) = 3,
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Polynomial-time reductions - Vertex colorings

Conversely,

We can assume that c(b) = 3 and c(a) = 2 (otherwise, rename the
colors).

It follows that {c(u;), c(@;)} = {1,2}, Vi = 1,n and c(a;) € {1,3},
Vj =1,m.

By Lemma 1 a), it follows that c({vj, v, v }) # 2, V7 = 1,m. This
means that, Vj = 1, m, there is a v;, € C; such that c(v;) =1.

Hence, defining ¢ : U — {true, false} by

true, if c(w;) =1
t 1) — . )
(w:) { false, if c(u;) =2

we obtain an assignment with the property that ¢(C;) = true, V7 =
1, m.
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Polynomial-time reductions - Hamiltonian problems

Let G be a (di)graph. A cycle C of G is a Hamiltonian
cycle if V(C) = V(G).
On open path P of G is a if v(P) = V(G). A
is a (di)graph which has a Hamiltonian cycle. A
is a (di)graph which has a Hamiltonian path.

Theorem 5
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Polynomial-time reductions - Hamiltonian problems

Remark
P; and P, are if P, <p Py and P; <p Pi.

Let G be a graph and vy € V(G). We construct in poly-
nomial time a graph H such that G is Hamiltonian if and only if H is
traceable.

Let V(H) = V(G)U{z,y,2} and E(H) = E(G) U {zw, yz} U{wy :
w € V(G)N Ng(w)}-

Graph Algorithms - Lecture 10 December 12, 2025 32/45



Polynomial-time reductions - Hamiltonian problems

Then, H is traceable if and only if it has a Hamiltonian path, P, with
extremities ¢ and z (which have degree 1 in H). P exists in H if and
only if in G there is a Hamiltonian path with an extremity in vy and
the other a neighbor of vg, that is, if and only if G is Hamiltonian.
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Polynomial-time reductions - Hamiltonian problems

Let G be a graph. Consider H = G + K;. Then, H

The equivalence of the problems and can be proved in a
similar way.

Let G be a graph. Let D be the digraph obtained from
G by replacing each edge with a symmetric pair of arcs.
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Polynomial-time reductions - Hamiltonian problems

Clearly any cycle in G gives rise to a cycle in D and conversely, any
cycle in D gives rise to a cycle in G.

Let D be a digraph. Each vertex v € V(D) is replaced
by an undirected graph P;(v) with extremities a, and b,:

P3('U) = ({a’v7 by, Cu, dv}: {a’Uc’U: Cydy, dvbv})-
Each arc vw € E(D) is replaced by the (undirected) edge b,a,. Let G
be the graph obtamed (in polynomlal time) in this way:

G
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Polynomial-time reductions - Hamiltonian problems

Each cycle C of D corresponds to a cycle in G and conversely, each
cycle in G corresponds to a cycle of D. It follows that

Note that if C is a cycle of G, then this is generated by a cycle C’ of
D, and length(C) = 3 - length(C') + length(C') = 4 - length(C’). It
follows that any cycle of G is even, therefore G is a bipartite graph.
Therefore the above proof ( <p ) is in fact <p

Since <p is obvious, the Theorem 5 is completely proved. [
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Memento

Memento
o In order to prove that a certain decision problem is NP-complete:

I. On the one hand you have to show that the problem is in the class
NP which means: there exists a polynomial time certificate for a
any solution-candidate (for 3COL: given a function ¢ : V(G) — N,
we can verify if ¢ is a coloring and uses at most three colors in
0O(n?)).

II. On the other hand we must polynomially reduce a known NP-
complete problem to our decision problem (for 3COL: e. g. 3SAT
which is known to be NP-complete can be polynomially reduced to
3COL).

o If step II is checked, then the decision problem in sight is NP-hard.
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Exercises for the 11th seminar

Show that the following problem is NP-complete

(The inequality < between two vectors is componentwise.) Hint: You
can try SM <p INT.

Consider the following decision problem

Prove that SM <p ACYCLIC.
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Exercises for the 11th seminar

A k-uniform hypergraph is a pair H = (V, E), where V # @

is a finite set, k € N*\ {1}, and E C P(V)={AC E : |A| =k} It
easy to see that a 2-uniform hypergraph is a simple graph.
We say that a k-uniform hypergraph H = (V, E) is simple if there is a
function ¢ : V' — {1,2,...,k} such that Vu,v € V, u £ v,if u,v € ¢
for a certain e € E, then c(u) # c(v). Now we consider the following
decision problem

(a) Prove that problem 3-SIMPLE is NP-complete.
(b) Show that problem 2-SIMPLE belongs to P.
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Exercises for the 11th seminar

Consider the following decision problem:

Prove that AGM € P.

Let D = (V,E) a loopless digraph. A stable set of D,
S C V, is a quasi-kernel if every vertex v € V' \ S can be accessed from
inside S along a path having length at most 2.

(a) Prove that a quasi-kernel can be constructed in O(n + m), where
n=|V|and m = |E|.
(b) Show that 3-SAT is polinomially reducible to the problem of finding

out if in a given digraph it exists a quasi-kernel containing a given
vertex.
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Exercises for the 11th seminar

Consider the following decision problem:

Prove that LPL is NP-complete.

A in a digraph G = (V, F) is a stable set S C V such
that Vu € V' \ S exists v € S with vu € E. We consider the following
decision problem:

Prove that the following construction leads to a polynomial reduction of
SAT to KERNEL (i.e. SAT <p KERNEL):
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Exercises for the 11th seminar

For every conjuction of clauses, F, instance of SAT,
we define a digraph G (an instance for NUCLEU):

- for each clause C of F' we add a 3-cycle to G
1t 1,2 .2 2.3 3 3 1,
Vo, Vo Ve, Vo, YoV, Yo, Yo Vo,

- for every variable z which occurs in formula F', we add a 2-cycle to
G

Uz, Uz Uz, Uz, Uz Vs, Uz,

- for every clause C' and every literal u which occurs in C' we add to
G three arcs

1 2 3
VU5, Uy UG, Uu V3
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Exercises for the 11th seminar

Consider the following decision problem

We define G (the implication) digraph: V(G) = set of all literals used
in C and E(G) = {7,w;,w;v; : C; = v; Vw;, 7 =1, m} (each clause
introduces in G two arcs). Show that C is satisfiable if and only if z; and
Z; belong to different strongly connected components of G, Vi = 1, n.
Show that this property can be tested in O(n + m) time complexity.

Show that the following problem is NP-complete.
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Exercises for the 11th seminar

Consider the following decision problem

Prove that the following construction leads to a polynomial reduction of
3SAT to NAE 3SAT (i.e. 35AT <p NAE 3SAT):

- we keep the boolean variables from 3SAT, U = {u, U, ..., Un}
and add a new variable z;

- for each clause C; = v, V v;, V v, we add a new variable y; and
we replace C; by two clauses:

1 2 —
C;=v,Vup Vy;,C =v, Vz VY,
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Exercises for the 11th seminar

Consider the following decision problem

Prove that the following construction leads to a polynomial reduction of
NAE 3SAT to MAXCUT (i.e. NAE 3SAT <p MAXCUT):
- consider an instance for NAE 3SAT problem with clauses
C = {Cy,...,Cp} over the set of boolean variables U =
{u1, U, ..., Un}; We can suppose that every clause contains three
different literals,
- V(G) ={u;,w; : 1 =1,n} and we add to E(G) the edges u;u; of
weight 10m,
- for each clause C; = v; V v;, V v;, we add to E(G) three edges:
Vj, Vj,, Uj Uz, and v, 5, each of weight 1,
- k£ =10nm + 2m.
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